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Abstract. A class of univalent functions which provides an interesting tran-
sition from starlike functions to convex functions is defined by means of the
Ruscheweyh derivative. Some interesting sufficient conditions involving coeffi-
cient inequalities for functions in these classes are discussed which generalize
the results derived by Hayami, Owa and Srivastava.
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1. Introduction, Definition and Preliminaries

Let Ag denote the class of functions f of the form,

(1.1) f(2) :a0+&12+2anz",

n=2

which are analytic in the open unit discd = {z:2€ C and |z]| <1}
If f € A is given by (1.1), together with the normalizations ag = 0 and
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a; = 1, then we say that f € A.
If f € A satisfies,

/
(1.2) %(sz(»(;)) >a (zeld; 0<a<l)
then f is said to be starlike of order o in U. We denote by S*(«) the subclass
of A consisting of functions f which are starlike of order « in /. Similarly,
we say that f is in the class I(«) of convex functins of order o in U if f € A
satisfies,

(1.3) %(HZJZS)) >a (zelU; 0<a<l).

It can be easily observed from (1.2) and (1.3) that,
fek)ezf'(z) eS*(a) (0<a<).

Let SP(A, «) denote the subclass of functions f € A which satisfy the
condition,

(1.4)
%{e”‘(%&?—a)}>0 (zeU; 0<a<l; —-7m/2<A<7/2).

Definition 1.1. Let V(«,b,d) denote the subclass of A consisting of func-
tions f satisfying the condition,

2 2 DFLf(2)
1.5 Rl — -+ - ———=
= { b D6f<z>}>‘“
where b #0, 6 > =1, 0 < o < 1 and D°f is the Ruscheweyh derivative of f
[3] given by,
z

(1.6) D f(z) = S f(2) =2+ m(d)anz"

where x stands for the convolution or Hadamard product of two power series
and

I'(d+n)
(n—1DIT0+1)

This class is obtained by putting k = 2 and A = 0 in the class V) (a, b, )
introduced by Latha and Nanjunda Rao [2]. The class V) («a, b, ) is of special
interest for it contains many well known as well as new classes of analytic
univalent functions studied in literature. It provides a transition from starlike
functions to convex functions. More specifically V9(«,2,0) is the family of
starlike functions of order a and V9 (v, 1,1) is the class of convex functions of
order a.

(1.7) To(0) =
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Observe that, for the parametric values b =2, 6 = 0and b= = 1 in
V(a, b,0) we obtain the classes S*(a) and () respectively.

Definition 1.2. Let V(«,b,0;\) denote the subclass of A, which consists
of functions f € A if and only if,

(1.8) é)fe{e“ (1—%+%.D;+{S)—a)}>o

where 0 <a<1; —m/2 <A <7/2 and z € U.
We observe that V(«,b,0;0) = V(a, b,d) and V(«,2,0; \) = SP(A, ).
Also, let B denote the class of functions p(z) of the form,

(1.9) p(z) =1+ anz"
n=1
which are analytic in U.

We require the following lemmas in our present investigation.
Lemma 1.3. [1] A function p(z) € B satisfies the condition,
R{p(2)} >0 (z€l)
if and only if
£E—1

Sh— : e =1).
)25 et gec fd-
Lemma 1.4. A function f € A is in the class V(«,b,0) if and only if,
(1.10) 14+ A2 #£0,
n=2
where

__ TO+n) {[(n—1)+b(1—a)(5+1)]+(n—1)§}a
" (n—=1DIT(6+2) b(1 — «) "

Proof. Let us define p(z) by,

57,
(1.11) p(z) = b bl _D&f( ) (f € V(,0,0))

Then p(z) € B and ®{p(z)} >0 (z €U).

Using Lemma 1.3, we have

2 2 DOFLf(z)
O_5+3‘DW@))_Q#£—
€11

(zeU; £€C [¢[=1)

1l —«
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which yields,
(€+ 1D f(2) + [b(1 — @) = (€ + 1)]D°f(2) # 0

(f €V(,b,0); zelU; £€C; [ =1)
Hence we have,

z+ Z T, (0 + 1)a, 2"

n=2

(E+1) +[b(1 — @) + (1 +&)]

Z+Z7'n anz ] #0
1€.,

(1.12)

> (0 +n)
bl —a)z <1+g;7p—1ma+2)

y {(n— D+bl—-a)(d+1)+ (n— 1)5}
b(1l — «)
(zel; £eC; [£]=1)
Dividing both sides of by (1.12) by 2(1 — )z (2 # 0) we obtain,

anz”_l) #0

(0+n) (mn—1)4+b1—-a)(d+1)+ (n—1)¢ .

1 n
+§:7y—1ma+2)[ b(1— ) anz" 70
(zel; €€C; [El=1)

This completes the proof. O

Remark 1.5. [t follows from the normalization conditions ag = 0 and a; =

e (6) [b(1—a)(d+1)
ING) l1—a —1-¢
A“:m5+m{ b(1—a) }%:0

and Ay =a; = 1.

Remark 1.6. The parametric substitutions 6 = 0, b = 2 yield Lemma 2 in
[1].
Remark 1.7. The assertion (1.10) of Lemma 1.4 is equivalent to,

24+ [(E+1) —b(1 — )
(1.13) Loy b1 - a)

> (1 — z)0+3

£0

It can be observed that for appropriate parametric substitutions the results
due to Silverman, Silvia and Telage [4] are obtained. ie., Theorem 1 and
Theorem 2 of [4] can be obtained by putting d = b =1 and 6 =0, b =2 in
(1.13) respectively.
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2. Coefficient Conditions For Functions In The Class V(«, b, )

Our results for functions f to be in the class V(«,b,d) is contained in the
following.

Theorem 2.1. If f € A satisfies the condition,

SIS RaRACES) -
2 ( 2 LZI G-yt Y

oo )o](,7,)
+ g [g ]_15u;§+2)( D J(]_D(kéj)aj] (nzk>‘>

<b(l—-a) (0<a<l; feR; yeR)
then f € V(a,b,0).
Proof. We note that,

(1—2)%#0 and (1+2)7#0 (z€lU; FeR;, yeR).
Hence, if the inequality,

(2.2) (1 + ZAnz”1> (1—-2)°(14+2)7#0 (z€U; BER; vER)
n=2
holds true, then we have
L+ ) A"t #0

which is the relation (1.10) of Lemma 1.4. It can be observed that,

(2.3) (1 + iAnz”_1> (i(—l)”bnz”> (i cnz”> #0

n=0 n=0

=) ()

Considering the Cauchy product of the first two factors, (2.3) can be rewritten
as,

(2.4) <1 + i an”_1> <§: cnz”> #0

n=0

where, for convinience,

where
n

0= D (D) T A

j=1
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Furthermore, by applying the same method for the Cauchy product in (2.4),

we find that,
1+ Z (Z Bkcnk> anl 7é 0 (Z € Z/{)
n=2 k=1

or equivalently, that

1+ i i <Z(—1)kJA]ka> an] anl 7é 0 (Z € M)

n=2 Lk=1 J=1
Thus, if f € A satisfies,
0o n k
(Z(_l)k_jAjbk—j> Cnk| <1
n=2 k=1 \j=1
that is if,
00 n k .
I'(0+7) k—j
- - Zl(j—l)'F(5+2)( 1
X[ = 1) +b(1 —a)(0 + 1) + (j — 1)lajbr—;) cnil
0o n k .
(6 +7) k—j
= Z{ <Z<y—1>'r<a+2>( v
J—

1) +b(1 —a)(0+ 1)]a]bk J) Cnr]

k
L6+ ) .
+[¢] 2 ) A 1)bk—jaj> Cn—k }
<1 (0<a<l; £€C (=1
then f € V(a,b,9). O

Remark 2.2. In the hypothesis (2.1) of Theorem 2.1, for the parametric
values b = 2, 6 = 0 we obtain Theorem 1 in (1] and for b = § = 1 we obtain
Theorem 2 in [1].

By specializing on the parameters o, 3, 7, b and 0 in Theorem 2.1, we can
deduce the following interesting corollaries.
For a« =90 =0 and b = 2 we have,

Corollary 2.3. If f € A satisfies,

i":(ili e o] (,7)

n=2 ]:

+

then f € S§*.
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For a« =0 and 0 = b =1 we have,

Corollary 2.4. If f € A satisfies,
> ( > [i(—l)’“‘%(j + 1>(k fj)aj] (n ! k,)
> [;—Wm -u(,” j)aj] L7 |> <2 (3R yeR)

then f € K.

For 8 =~v=6 =0 and b = 2 we have,

Corollary 2.5. If f € A satisfies,

Z(n—a)mn\gl—a 0<a<l)

n=2
then f € S*(«).
For 6 =~v=0and § =b =1 we have,
Corollary 2.6. If f € A satisfies,

Zn(n—aﬂan\gl—a 0<a<l)

n=2
then f € K(«).
Fora=0=v=0=0and b= 2 we derive,

Corollary 2.7. If f € A satisfies,

[e.9]

ann\ <1

n=2
then f € S*.
Fora=0=~v=0and § =b=1 we have,

Corollary 2.8. If f € A satisfies,

o0
ZRQ‘%‘ <1
n=2

then f € K.
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3. Coefficient Conditions For Functions In The Class V(a, b, J; \)
Lemma 3.1. A function f € A is in the class V(a, b, d; ) if and only if,

(3.1) L+ ) Co ' #0
n=2
where
o - I'0+n) n—1+b1-a)(d+1)e?cosA+ (n—1)¢
" (n— DI+ 2) { b(1 — a)e™* cos A } in

Proof. Defining p(z) by,
541
e (1 — % %'DDaf](cS) — 04) —i(1 — a)sin A
(1 —a)cos A
(f €V(a,b,0;\)
we see that, p(z) € B and ®{p(2)} >0 (z €U).
From Lemma 1.3, it follows that,

(3.2) p(z) =

i 2 2D f(z) . :
- e/\<1—6+g. D5 F () —a)—z(l—oz)sm/\%é_l
' (1 —a)cosA E+1

(zel; €€C; [¢l=1)
From (3.3) we observe that,
PO # i (€€Ci fgl=1)
Also from (3.3) it follows that,
eAMbD f(2) — 2D° f(2) + 2D f(2) — abD° f(2)] — i(1 — a)bD’ f(2) sin A
(1 —a)cos A
E—1

S - ) > = . . =
7&(“1)1@]’() (zelU; €€C; [¢=1)

which readily yields,
(€ + D{e?2D° T f(2) — (ba +2 — b)D° f(2)] — i(1 — a)bD° f(2) sin A}
£(E-D)(1—apD f()eosh (el £€C; |g=1)
or equivalently,
(3.4)
20+ 1)eP DT F(2) — (ba + 2 — b)e? D f(2) — E(bar+ 2 — b)e* D f(2)
—i(1 — a)bD’ f(2)sin A —i&(1 — a)bDC f(2) sin A
£ &(1— a)bD’ f(2) cos A — (1 — a)bD’ f(z) cos A
(zeld; ¢€C [¢l=1)
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Further simplification yields,

206 + 1)erDHf(2) — (ba + 2 — b)e? D’ f(2) — £(bar + 2 — b)e™ D° f(2)
—&(1—a)be” D f(2) + (1 — a)be ™D’ f(2) # 0

(zel; ¢€C [¢l=1)
1€.,
206 + 1)e? DT f(2) + [be™™ — 2abcos A — (26 — b+ 2)e™| D’ f(2) # 0
(zel; ¢€C [¢=1)

Since ag = a; — 1 = 0 we have,
= (0+n+1)
l)e anz"”
26+1) <Z+§:7y—1T5+2) Z)

_ d+n)
i -9 2¢ 2 Z)\ n
+ [be abcos A — (26 — b+ <z+ g n—l)‘F(é%—l)an'z)#O

(zelU; £€C; £ =1)

Equivalently,
(3.5)

I'(6+n)
2b(1 — «)z cos A (1 + Z CESNCE 2)

2(n — 1)(5 + 1)+ (0 + 1)(be=2* — 2abe~ cos A + b) -
" l 20(1 — ) cos Ae—A } anZ ) #0

(zelU; €€ [¢l=1)
Finally, upon dividing both sides of by (3.5) by
2b(1 — a)zcos A # 0
and noting that

e 2 = —1 4 2e P cos A
we obtain,
I'(6+n) (n—1)+b(0+1)(1 —a)e ™ cos A+ (n — 1)
1 A
+Z (n—IT(6+2) b(1 — a)e ™ cos A an 70
0<a<l; —m/2<A<n/2; £€€C; [ =1)
which completes the proof of Lemma 3.1. O

Remark 3.2. For the parametric substitutions A\ = 0 = 0 and b = 2 we
obtain Lemma 3 of [1].
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Remark 3.3. The assertion (3.1) of Lemma 3.1 is equivalent to,

26 + (2 — b) — be™?* + 2ab cos Ae ™

—2ix _ —ix
(3.6) % (o) + b(l+e (1_:)?4:3208)\6 ) 20,

Note that for the parametric substitutions 6 = a =X =0 and b = 2 in (3.6)
we obtain a result due to Silverman, Silvia and Telage [3] (see Theorem 4, [4]).

e

n k
e eV
(=D +2)

3
[|
I\

Theorem 3.4. If f € A satisfies the condition,
x[2(5 — 1) + b(0 4+ 1)(1 — a)(1 + e 2?)] (k f j) a]} (n z k) ’

> [ INCES) b 8 gl
2 [; Gomer YU ”(k—j)”] (n—k)
<20(1—a)cosh (0<a<l;, —m/2<A<7/2; [eER; yeR)

k=1

+

then f € V(«a,b,0; \).

Proof. Applying the same method as in the proof of Theorem 2.1, we observe
that f is in the class V(«, b, 0; \) if,

(3.8) i [ y (Z(_l)kjcjbkj) an] <1

where
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the coefficients (), being given as in Lemma 3.1.
From (3.8) it follows that,

oo n k
'+ ) i
1 J
|b(1 — e”‘cos)\lzz<z 3—1'F5+2)( )

x[(j—1)+ b(5i D(1—a)e ™ cos A+ (§ — 1)€)a;by,_ i) o k}

< s i |1 (2 G
~ 2b(1 — ) cos A (j—DIT'(0+2)

j=1

[2(] —D+b0+1)(1—a)(l+e 2Z’\)]a]bk J) Cpe k}
b T +7) .
_Hg‘ Z (Z (] _ 1)!F(5 + 2)2(j - 1>bkjaj> Cn—k }
<1 0<a<l, —-7/2<i<7/2; £€C; [£=1)

k=1 \j=1
which implies that if f satisfies (3.7) then f € V(«,b,d;A). This completes
the proof. O

Remark 3.5. For A = 0, Theorem 3.4 tmplies Theorem 2.1. Also for the
parametric substitutions b = 2 and 6 = 0, Theorem 3.4 yields Theorem 3 of

1].

For a« =9 =0 and b = 2 we have,
Corollary 3.6. If f € A satisfies,

Oo ( S (s fj)aj] -

B [Bers-n(2 )] (20 <o

= 7j=1

0<a<l;, BeR ~veR —7w/2<)A<7/2)
then f € SP(A) = SP(A,0).
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