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Abstract. Let A(n) denote the class of functions of the form
f2)=2— Y @, (>0, keN\{1}, neN)

which are analytic in the open unit disk U = {z : |z| < 1}. In this paper, the
new subclasses  S,m(7, A, 8), Rum(7, A, 85 1), Sn(v, A, B) and Ry (7, A, 55 1)

of A(n) are defined using generalized Ruscheweyh derivative and certain properties
of neighborhoods for functions belonging to these classes are studied.
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1. INTRODUCTION

Let A(n) denote the class of functions of the form

(1.1) f(z)=2z— Z arz®,  (axp >0, k€ N\{1}, n € N)
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which are analytic in the open unit disk U = {z : |z] < 1}.
For any function f(z) € A(n), z €U and 6 > 0, we define

(1.2)  Nos(f) = {gEA( )ig(2) =2— Z brz" and Z k|ay — byl <(5}

k=n-+1 k=n-+1

which is the (n,d) - neighborhood of f(z2).
For e(z) = z, we see that

(1.3) Nose) = {gEA( ):g(z) =2 — Z brz" and Z k|bg| <(5}

k=n+1 k=n+1

The concept of neighborhoods was first introduced by Goodman [8] and then gen-
eralized by Ruscheweyh [10] .

In this paper, we discuss certain properties of (n,d) - neighborhood for analytic
functions of complex order in U.

The subclass S} () [6] of A(n), is the class of functions of complex order v satis-

fying,

o xftf

The subclass C,(7) [6] of A(n), is the class of functions of complex order v satis-
fying,

(1.5) éR{lJr

-1 }>O, (zeU, ve C\{0}).

1z2f"(2)
v f'(2)

The Hadamard product of two power series

} >0, (zel, yeC\{0}).

f(2) —z—i-Zakz and g(z —Z—i—Zbkz

is defined as  (f *g)(2) = z + Zakbkz

In the present paper, using generahzed Ruscheweyh derivative DY'f [1], we de-
fine the new subclasses S,.m(7, A, ), Rum(7, A, B;1) of A(n). The generalized
Ruscheweyh derivative DY'f is defined as follows.

For f € A(n), A>0and m € R,m > —1, we have

DY f(z) = W*DAf(Z)v zel,
where Dy f(z) = (1 = \)f(2) o—io— Azf'(2).

If f(z) € A(n), f(z)=2— Z arz®, z € U, we obtain the power series expansion
k=n+1
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of the form,

(1.6) DV f(z) =2z — Z [1+(k—1))\]% v2E 2 €U,

I'(a+ n) 1 forn=20
where (a)RZWZ{ a(a+1(a+2)---(a+n—1), forn€N.

Definition 1.1. The subclass S, (7, A, 3) of A(n) is defined as the class of func-
tions f such that

12DV f(2) )
D "y ( IO
where, v € C\{0}, 0<(g<1, m>-1 and z€U.

Definition 1.2. Let the subclass Ry m(7, A, B; 1) of A(n) is defined as the class
of functions f such that

%(u_mgﬁiﬁ+u@WﬂAY—Q]<@

z

(1.8)

where, v € C\{0}, 0<g<1, m>-1 and z€U.

The above two classes generalize the classes S, (7, A, ), Rn(7, A, B; p) are studied
by Murugusundaramoorthy and Srivasthava [9].

2. Neighborhoods for classes S,,..(7, A, 3) and R,,..(7, A, 5; 1)

In this section, we obtain inclusion relations involving N, s for functions in the

classes  Spm (7, A, B) and Ry m (7, A, B 1) -
Lemma 2.1. A function f(z) € Spm(7, A, B) if and only if

o0

1) > (14 (= DN P2 6] 4 k- D < )
Proof. Let f(i)n; 1Sn,m(fy, A, B). Then, by ( 1.7) we can write,
(2.2) %{%—1} > Bhyl, (zel).
Using ( 1.1) and ( 1.6), we have,

- i [+ (k— 1N 7(””‘(1*):)?1 (k — 1)agz"

(2.3) R
z— Z 1+ (k—1))\

k=n-+1

— 8, u.
ST > =By, (z€U)

arz
W5t "

Letting z — 1, through the real values, the inequality ( 2.3) yields the desired
condition ( 2.1).
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Conversely, by applying the hypothesis ( 2.1) and letting |z| = 1, we obtain,

o0

1)_
Z 1+ (k—1)A M(lﬂ — 1)apz*
(D (2)) et (e
Dyfs) = 1)
A z— Z [1+ (k—1)A] ———L g, 2"
k=n+1 (1>k_1
- m4+1)k_
Bly| (1 = ) [+ (k=1)A %(’f - 1)%)
k=n+1 k-1
< =
1)—
1— > L+ (k-1 (mt Dy o
(1)1
k=n+1
< Bl
Hence, by the maximum modulus theorem, we have f(z) € S,..(7, A, ), which
establishes the required result. O

On similar lines, we have the following Lemma.

Lemma 2.2. A function f(z) € Rym(v, A, B 1) if and only if

o0

(2.4) > [+ (k—-1))

k=n+1

Theorem 2.3. If

(m + 1)k—1

Dy [k — 1) + 1 ax < Bly|.

(2.5) 5— (n+1)8]|

wwwmwa+nnﬁ%3?f

(vl < 1),

then Sn,m(’yu )‘7 ﬁ) - Nn,(?(e)'
Proof. Let f(z) € Spm(7, A, 3). By Lemma 2.1, we have,

oo

B+ m 1) 57 < )

which implies,

(2.6) Z ay, < Al

S (Bl D

(Dn
Using ( 2.1) and( 2.6), we have,
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o0

> ka < B+ (- A+ D 5,

( )n k=n-+1 n k=n+1

(n+1)8| _
(Blr] +n)(1 4+ n) T Do

(1)n

(1 + n/\)(rn;l

<

That is,
(n+1)6]| _
(m+1),
(Dn
Thus, by the definition given by ( 1.3), f(z) € N, s(e), which completes the proof.
O

kay <
k=n+1 (Bly] +n)(1+nA)

Theorem 2.4. If

(n+1)8Jy
(m+1),’

(1)n

(2.7) 0= (<1,

(un + 1)(1 +nA)
then Rn,m(’yv )‘) 57 M) C Nn,é(e)’
Proof. Let f(z) € Rum(7, A, 5; ). Then, by Lemma 2.2, we have,
m-+1), >
@) P 1) S < B,

( )n k=n+1
which gives the following coefficient inequality,

2.8) i o < Al

k=n+1 (,un—}— 1)(1 —i—n/\)

(m+1),
(Dn
Using ( 2.4) and ( 2. 8) we also have,

e e DY IR RN VER BRIV L L S

(>” k=n+1 ” k=n+1

(m+1), Bl

That is,

Z kay, < (n+1)8]y] _5

L)

k=n+1 (un + 1)(1 + n)\)%
Thus, by the definition given by ( 1.3), f(z) € M,s(e), which completes the proof.
[
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3. Neighborhoods for classes S, (v, 3) and R, (7, A, B; 1)

In this section, we define the subclasses S5, (v, A, 3) and Ry, (7, A, B; p) of A(n) and
neighborhoods of these classes are obtained.
For 0 <a <1 and 2z €U, afunction f(z2) € Sy, (7, A, B) if there exists a function
9(z) € Spm(7, A, B) such that

(3.1) y———4<1—@

For 0 < a <1 and z € U, a function f(2) € Ry, (v, A, B; ) if there exists a
function ¢(2) € Ryum(7, A, B; 1) such that the inequality ( 3.1) holds true.

Theorem 3.1. If g(z) € Spm(7, A\, B) and

(Bl +n) 5 (1 4+ na) Lt Lo

.
(3.2) a=1-
(n+1) | (B17] +m)(1 +nay Tt D

(Dn

— Bl

then Nns(9) C Sq,n(7, A, B).
Proof. Let f(z) € Nus(g). Then,
k=n+1
which yields the coefficient inequality,
(3.4) i lag — by < L, (n € N).
Pl T n+1

Since g(z) € Spm(7, A, B) by (2.6), we have,

(3.5) i = " m+ L’
k=n-+1 By +n)(1 dHM)%

so that,
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o0

lax — bl
12| 2
9(2) - Z b
k=n+1
s Ohlemsayli e
< n
“n4+1 (m+1),
ﬂmﬂ+nxrwmr75:——Mﬂ
=1-— .

Thus, by definition, f(2) € S5,,(7, A, ) for a given by ( 3.2), which establishes the
desired result. O

On similar lines, we can prove the following Theorem.
Theorem 3.2. If g(z) € Rym(7, A, B; 1) and

(m+1),
(un+1)6 (1 4+ nA\)————
(3.6) a=1- (Do

(n+1) wn+mu+nmﬁ%%?ﬁ—Mﬂ’

then Nys(g) C R, (7, A Bs ).
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