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Abstract. Let A be the class of functions of the form f(z) = 24>~ _, an, 2™
which are analytic in the open unit disk U = {z € C : |z| < 1}. We define the
new subclasses M(«, 3,n) and M*(«, 3,n) of analytic functions. The object
of the present paper is to derive some convolution properties of functions f in

the class M*(«, B, n) .
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1. INTRODUCTION

Let A be the class of analytic functions f of the form:
(1.1.1) FR) =2+ ay 2"
m=2

defined in the open unit disk i = {z € C: |z| < 1}.

Salagean [4] introduced the following operator, D™ : A — A defined as:
DYf(z) = f(2), D'f(2) = D(f(2)) = zf () and D"f(z) = D(D"'f(2)),
for (neN=1{1,2,3,...}).
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We note that if f is of the form ( 1.1.1), then
(1.1.2) D"f(z) :z—i-z m" a, 2"
m=2

We define the subclass M(a, 3,n) as the class of all functions f € A which
satisfy

(1.1.3) %{72(5;{((3) } <a 72(11)):]{((3)

for some a <0, f>1and n € Ny ={0,1,2,3,...}.
We note that M(Oé, ﬂa 0) = MD(O‘a ﬂ): M(Oé, ﬂa 1) = ND(O‘a ﬂ)
The classes MD(a, §) and N'D(«, 3) were studied by Owa [2].

—1'+ﬁ, (zel)

2. COEFFICIENT INEQUALITIES FOR THE CLASSES

In this section, we derive sufficient conditions for functions to be in the class
M(a, 5,n) in terms of coefficient inequalities.

Theorem 2.1. If f € A satisfies:
(221) Y m™{jm—B+1|+|m— 8 -1 = 2a(m — 1)}am| <8 -2 5|
m=2

for some a < 0,8 > 1 and n € Ny, then f € M(a, 3,n).

Proof. We suppose that
(222) Y _m™{jm— B+ 1+ |m— -1 —2a(m — 1)}an.| < 8- [2- |
m=2

for f € A. It suffices to show that

2D f(2)) 2D f(2)) ' )
- -« - —1—-pg)+1
(2.2.3) ( D) Drjtz) <1, (zel).
(e = a P51 ) -1
D f(z) D f(z)
We have,
2(D"f(2)) z(D" f(2))
(W REZEE. ‘ﬁ> i
(D" f(2)) 2(D"f(2))
(s o5 - -0)
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2(D"f(2)) —ae|2(D"f(2)) — (D" f(2))| = BD" f(2) + D" (=)
2D f(2)) = ae®|z(D"f(2)) = (D" f(2))] = BD"f(2) — D" f(2)

o0 (o) o0
z+ E m"a,,zm e E m"(m —1Damz"| — Bz - g m'amz™ + 2z + g m"am,z™
_ m=2 = m=2
= s o0
n+1 m 1,0 n m
z+ m" a2 m" Damz™|— Bz — B mta,z" —z — m"amz
m=2 m=2

(o] oo
|2—ﬁ|+Zm”|m—ﬁ+1\|am|—aZm"(m—1)|am|

<

8- Zm”|m ﬁ—l\|am|+a2m m—1)|am]

m=2

The last expressmn is bounded above by 1 if

2= B+ ) m"m = B+ 1jam| — Y m"(m — 1)|an|
m=2 m=2

(2.2.4) <B3- Zm”|m ﬁ—1||am|+a2m m —1)|ap|
which is equivalent to our condition
(2.2.5) Zm”ﬂm B+1+|m—B—1]—2a(m—1)}am| < 58— [2- 5]

of the Theorem. O

3. RELATION FOR M*(«, 3,n)

By Theorem 2.1, the class M*(«, 3,n) is considered as the subclass of
M(a, 5,n) consisting of f satisfying:

(3.3.1) Zm”{|m B+1l+|m—3—1 —2a(m—1)}am| < 68— 12— 0|

forsomea§0,5>1andn€No.

We note that M*(a, ,0) = MD*(a, §) and M*(a, §,1) = ND*(a, ). The
classesMD*(«v, 3) and ND*(«, 3) were studied by Owa [2].
By the coefficient inequalities for the class M*(«a, 3,n), we observe:

Theorem 3.1. If f € A, then M*(ay,3,n) C M*(ag, B,n) for some ay, as
such that a1 < ap < 0.

Proof. For a; < as < 0, we have

> om™{|m =B+ 1]+ |m — B — 1] = 2a5(m — 1)}|a,]
m=2
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(3.3.2) < m™{lm =B+ 1+ |m— 8 — 1] = 2a1(m — 1)} ap|.
m=2
Therefore, if f € M*(aq, 5,n), then f € M*(ay, 5, n). O

4. CONVOLUTION OF THE CLASS M*(«, 3,n)

For analytic function f; given by
(4.4.1) fi(z) =z + Z ami 2™, (1=1,2,3,...,p).

The Hadamard product of fi, fs, ..., f, is defined by:

(4.4.2) (fixfox..xf,)(z _Z+Z (Hami) z
i=1

Theorem 4.1. If f; € M*(«a, f1,n) and fo € M*(a, B2,n) for some «

(a <2=+/5) and B, B2 (1 < B1, 82 < 2), then ( fi* fo ) € M*(a, 3,n), where
(B =D(B—D(2-a)

B =D(Be—1)+2"2—a—=F1)2—a— )

Proof. From( 3.3.1), for f € M*(«, 3,n) with 1 < 3 < 2, we have

=1+

> m™{(m—B+1)+ (m—5—1) = 2a(m—1)}ay,|}

< im"{(m—ﬁle) +|m—F =1 —2a(m — 1)}Han| <2(56 —1).

m=2
That is, if f € M*(«, 3,n), then

o0

m"[m(1l — a) + (o — §)]
(4.4.3) g; 1 |am| < 1
Conversely, if f satisfies:
(1.4.4 >l P e <

then f € M*(«, 3,n).

~—

From ( 4.4.3), if f; € M*(«a, f1,n), then
m"*"m(l —a) + (o — ()]

NE

445 am | <1
(445 3 P e e
and also if fo € M*(« ,Bg,n) then

= m"m(l —a) + (a — B)]
4.4.6 ol < 1.
(446 3 e,
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Applying the Schwarz’s inequality, we have the following inequality:
(4.4.7)

m?>{m(1 —a) + (a — ) H{m(l —a) + (a — B2)}
E: (Br=1)(F2— 1) |amallame| <1

by ( 4.4.5) and ( 4.4.6). From ( 4.4.4) and ( 4.4.7), if the following inequality

i m"m(l —a) + (1= 5+ o)

ﬂ— 1 ’am,lHam,2’

m=2

(4.4.8)

(L) + (0~ B}l )+ @~ )} [
< (1) il

is satisfied, then we say that (f1 * f2) € M*(a, 3, n).
This inequality holds true if

m"m(1 —a)+ (1 =F+a)]
5—1 | 1 || @m 2|

m*{m(l —a) + (e — B)Hm( —a) + (a — Ba)}
(4.4.9) = \/ (B — 1B — 1)

for all m > 2. Therefore, we have
m"m(l —a)+ (1 -5+ a)]
6—1

m?{m(1 — a) + (a = f)Hm(1l — a) + (a = B)}

(4.4.10) T
which is equivalent to
(4.4.11)

B>1+ [m(1—a) +al(B —1)(B— 1)

(Br = DB = 1) +mr[m(1l — @) + (a = B)]m(1 — a) + (a = )]
for all m > 2.
Let R(m) be the right hand side of the last inequality. Further, let us define
S(m) by numerator of R (m). Then,
S(m) = (B — 1B — D1 —a)(B — 1)(F2 — 1) = m*(1 —a){m(l — a) + a}’
—nm"H{m(1l - a) + a}* + nm™ H{m(l — a) + a}?6s
+nm™ Hm((1l — a) + a}?B; — nm™ H{m(l — a) + a} B 5
+m" (1 — )31 0]
< (B =B = D1 —a) = m"(1 —a){m(l - a) + a}?
—nm™ Hm(1 — a) + a}? +dnm™H{m(l — a) + a}?
—nm™ H{m(l —a) +a}+4m"(1 —a)] <0
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for « < 2 — /5 which shows that R(m) is decreasing for m > 2, a0 < 2 — V5
and for n € Ny. Thus R(2) is the maximum of R(m) for a <2 —+/5 for
n e No.

O

Theorem 4.2. If fi € M*(a, B;,n) (i =1,2,3,...,p) for some a(a < 2—+/5)
and 3;(1 < B; < 2), then (f1 * fa x f3* ... x f,) € M*(a, 3,n), where

A

L > 2
Bp—Cpr+Ep’ (p— )7

(4.4.12) B=1+

(4.4.13) Ap = ﬁ(ﬁi —1DE2-a)

(44.12) By= (2 ay Zﬁfﬁi ),

(4.4.15) C,= :Zi(Q”)q (2—a)P % (1—a),

(4.4.16) D, - w ) H (2-a-f),

(4.4.17) and E, = (2")""' (1 —a)P? f[(z —a—f).

Proof. When p = 2, we have

(B —=1)(B—1)(2 - )
Br=1)(B—1)+2"2—-a—=[)(2—a— )

Let us suppose that (f; % fo * f3 x ... x fi) € M*(«,fo,n) and fri1 €
M*(«, Bri1,n) where

(4.4.18) B=1+

Ar

=1+
Fo By, — O, Dy, + Ej,

(k > 2).

Using Theorem 4.1 and replacing 3; by By and (3 by (i1, we see that
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(Bo =D (Brr1 —1)(2 - )

g =1+
(Bo = 1)(Brs1 — 1) +2"(2 —a — (o) (2 — a — PBry1)
— 1 + Ak+1
By —{2"(2 — @ — Br1)Br +2"(1 — a)(2 — @ — Br11)Ci Dy} + Epq
-~ Aps1
— 14 _
Byi1 —{2"(2 — a — Br11)Br + C Dyia } + Eja
14 Apr1
Bit1 — Cip1 Dy + B
where
k-1
Ci=>_ @) 2-af " (1-a)"
q=2
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