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Abstract

In this note we investigate the positive integers n for which ¢(n?) +
o2(n) is divisible by n?.
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1 Introduction

Let ¢(n) and o(n) denote the Euler function and sum of divisors function
of n. More generally oj(n) denotes the sum of k-th powers of positive divisors
of n. Clearly n is prime if and only if n divides ¢(n) + o(n) and in fact
2n = ¢(n) + o(n). C.A. Nicol [1] has studied the positive integers n which
divide ¢(n) + o(n). Let A be given by

A = {n composite : n| (¢p(n) + o(n))}.

Nicol proved that no square free integer belongs to A and conjectured that A
contains only odd integers. M. Zhang [2] proved that A contains no integer of
the form p®q, where p and ¢ are distinct primes and « is a positive integer.
Although F. Luca and J. Sandor [3] could not solve this conjecture, they have
made a significant progress. In [3] they showed, among many other related
results, that, for any fixed positive integer k > 2 there are only finitely many
odd positive integers n € A with w(n) = k where w(n) denotes the number of
distinct prime divisors of n.

In this note we study a variant of the above problem: we look at those
integers n > 1 for which n? divides ¢(n?) + o2(n). Let B be given by

B = {n>1:n%(¢(n? + oz(n))}.
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We prove that if n € B, then w(n) > 4.

2 Main Results

In this section, we establish that there is no integer n > 1 with w(n) = 1,2
or 3 such that n?|(¢(n?) + o9(n)) thus proving that if n € B, then w(n) > 4.
Note that ¢(n?) + o2(n) > n? for all n. We prove that ¢(n?) + o2(n) < 2n? for
all n such that w(n) < 3. We recall that

2r+2

w(n —nH1—1/p) and oa(n pr—l

pln p"ln

Theorem 2.1. Let n > 1 with w(n) = 1. Then, n?{ (¢(n?) + 02(n)).

Proof. Suppose n = p". Then,
¢(n*) +o32(n) _ d(n)  o2(n)

n? - n + n?
1 p27"+2 1 1
=(1- X —=
( p)+ pP-1  p7
1 p2
<1-—-
p+p2—1
P (L
B pP—1 p
<2 i 1> 1
since —
’ p  p*-1

Thus, n? t (¢(n?) + o2(n)).

To prove the result in the case of w(n) = 2 and w(n) = 3, we first establish
the following Lemma.

Lemma 2.2. If 2 < 3, y<zand z < § and if 0 < z < y < z, then,

1
(1—x)(1—y)(1—z)+(1_x2)(1_y2)(1_22) < 2.

Proof. Using the identity
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1 _ 1 x? y? 22
(1—22)(1 —y2)(1 —22) * 1—a? * 1—y? * 1—22

22y y22?

T T 2)
222 22222

A0 -2

we have,
1
(1—$)(1—y)(1—2)—|—(1 _ 33'2)(1 — y2>(1 _ ZQ)

Yy
A=) (-7  (-y)-2)

=2+xy +yz+z2x+

—r—Y—z— . (21
R T R e T e B
Si < L < L d 2z < 1 h
1m — — an —
cer s, Yy gand 25 5, we have,
1 < 4 1 < 9 d 1 _ 25
= 2 %
=2 =3 T-g -8 " 1-2-2
r Y z
i d
B T M (e [ R N (e s By
(1— x2>(1x_yzy2)(1 — all lie in the interval (0,1). Employing this fact in (2.1),
we see that
1
(1=2)(1—y)(1—2)+ <2

(1=2*)(1-y*)(1-2?)

We now prove the result for the case w(n) = 2.
Theorem 2.3. Let n > 1 with w(n) = 2. Then, n?{ (¢(n?) + 02(n)).

Proof. Since w(n) = 2, we can suppose n to be of the form n = pip§, where
p1 and po are distinct primes with p; < py and r and s are positive integers.



1160 C. Adiga and H. N. Ramaswamy

Consider,

¢(n?) + o2(n) }

(p} — 1)(p5 — Dpi'p3° { e

1 2 1 P2 D1p2 P2 (3 — 1)(p2 — 1)

= (p =D p2= DI =D —Dpl"'p3 ™ + (i = 1) (p2 - 1)
22 2042 {1 L =D = D= Dpy — 1) } '

<p p
b pips
Thus,
¢(n*) +o3(n) _ (p1—1)(p2—1) pip;
2 < + 2
n D1D2 (pi =3 — 1)
1 1 1
=1-—)1-—)+ :
D1 D2 (1 — L) (1 — L)
ni 3
. 1 1 1 1 )
Since 2 < p; < po, we have, — < — and — < —. Hence by Lemma 2.2, with x = —,
p1 2 P2 3 p1

1 2
y=— and z =0, it follows that, w

5 < 2. This completes the proof.
P2 n

Theorem 2.4. Let n > 1 with w(n) = 3. Then, n?{ ¢(n?) + o2(n).
Proof. Suppose w(n) = 3. Then n can be written in the form n = p|pip}

where py,py and ps are distinct primes with p; < ps < ps and r, s and ¢ are
positive integers. Now,

G(n?) +o3(n)  ¢(n)  oa(n)

n? - n + n?
1 1 1
- (1= 1 — — 1 - —
P P2 P3
pi =1 p -1 pitr -1 1

+

X
pi—1  pi—1 p3—1 — pir-p¥-pd

- (1 - pi) (1 - pi) (1 - pi) s 1><§§p§p§><p§ -
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(-3 0-3) (1‘1%)*(1_%) <1_1%) (1-2)

< 2, by Lemma 2.2.
This proves the theorem.

Theorem 2.3 and Theorem 2.4 show that if n? | (¢(n?) + o9(n)), then,
w(n) > 4. We conclude this note with the conjecture that B = () or equivalently
there is no positive integer n > 1 such that n?|(¢(n?) + oo(n)).
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