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Abstract. Let A, denote the class of analytic functions of the form

fE)=2"+ > a2 (peN={1,23.1})
n=p+1
defined in the unit disc U = {z : |z| < 1} and Q denote the class of functions
such that w(0) = 0 and |w(z)| < 1. Let P(A, B, p, «) be the class of functions

of the form

P& =p+Y 0 and p(z) = 2HI2E)
n=1

=———%, -1<B<A<LI1
1+ Bw(z)’ - -

where 7 = (p—a)A+ aB. In this paper, we define the class S,(A, B, p, o) of
functions f(z) € A, such that

2f@t(z)

F@(z) =p(z) for p(z) € P(A, B p,a)

q -+
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and radius of starlikeness and convexity of functions in this class are studied.
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1. INTRODUCTION

Let A, denote the class of analytic functions of the form

(1.1) f(z) =27 + Z a,z"

n=p+1

defined in the unit disc U = {z : |z] < 1}. Let Q denote the class of bounded
analytic functions w(z) in U satisfying the conditions w(0) = 0 and |w(z)| <
1(z e U).

For functions ¢g(z) and G(z) analytic in U, we say that g(z) is subordinate to
G(z) if there exists a Schwarz function w(z) € Q such that g(z) = G(w(z)).
If G(z) is univalent in U, then g(z) is subordinate to G(z) if and only if
g(0) = G(0) and g(U) C G(U).

For -1 < B< A<1land 0 < a < p, P(A, B,p,a) [1] denote the class of
analytic functions defined in U such that

- P+ yw(2)
1.2 — " and P < B<A<I.
(12)  pz)=p+ nEI a,z" and p(z) T Bu(s) S <A<

where v = (p — a)A + aB. Further, p(z) € P(A, B,p, «) if and only if
(1.3) p(z) = (p— a)pi(z) + a, pi(z) € P(4, B)

where P(A, B) [3] is the Janowski class of functions p;(z) which are of the
form

(1.4) pi(z) =1+ i bn2"

n=1
and are analytic in U, such that p;(z) € P(A, B) if and only if
(1.5) pl(z):%:jgz;, —1<B<A<1, w(z)eQ, zel.
We define the class S;(A, B, p, @) of functions f(z) € A, such that
1o 0+ D i) e pe) € PABLp)

f(Q) (Z)
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2. MAIN RESULTS

Lemma 2.1. (Jack’s Lemma) [2]: Let w(z) be a regular function in the unit
disc U with w(0) = 0, then if |w(z)| attains its mazimum value on the circle
|z| = r at a point z1, we can write z1w'(z1) = kw(z1), where k is real and k > 1.

Lemma 2.2. The function

Ptz

for B #0,

p+vyz for B=20

maps |z| = r onto a disc centered at C(r) and having the radius p(r) given by

— ~Br?
(3=ipmz0) fors 0.
(2.2) O(r) = - P
(p,0) for B=10
and
—pB
% for B # 0,
2.3) (=4 1=Br
( p
|y|r for B = 0.
Proof. Consider
(2.4)
( bryz ., 2P e = o —pf for B#£0
w= z = z|* =1 = or
1+ Bz v — Bw |y — Bw|’
2vBr? — 2p p? — 22
2,2 _
= u +v +(1—732T2) +1—732T2_0’ for B#0
w—p 2 2 ]w—p\2
w=1l4+yz & z2=—— & |z]°=1r"= 5 for B =
g ]
(= w2+ 0v?—2u+p?>—~*?=0, for B=0.
Lemma follows from ( 2.4). O

Lemma 2.3. The function

(y —pB)z

B#0

vz for B=10



1114 S. Latha, D. S. Raju and N. Poornima

maps |z| = r onto a disc centered at C(r) and having the radius p(r) given by

—B(y — pB)r?
( 1(7 BZ; 2)7’ ,0) for B #0,
(2.6) O(r) = o
(0,0) for B=0
and
— nB)r?
b =pB)~ pQ);“ for B #0,
(2.7) plry=q 17U
|v|r for B =0.
Proof. Consider
(2.8)
_ (y=pB)z _ w 2 _ .2 _ MQ
Y= hs & Z_’y—pB—Bw & |z =7 _]’y—pB—Bw\2 for B #0

2B(~ — pB)r? — pB)2r?

1— B2?r2 1— B?r2
w 2 2 _ |wl? 2,2 2,.2
w=yz & 2=— = |zI"=r"="—7% = u +v°—y7r*=0for B=0.
\ gl il
Lemma follows from ( 2.8). O

Theorem 2.4. Let f(z) € A, be such that

Y —pB)z

2f(z) O -—pb): 1+Bz) = Fi(z) for B#0,
2.9 —_— — <
(2.9) Fa) Pt

vz = Fy(2) for B =0.

Then, f(z) € S;(A, B,p,a) and this result is sharp being obtained by the func-
. Ptz
tton 1+ B2

Proof. Define

(v—pB)
(2.10) o) [ 0t Bel)E for B0,

2P—q

1w (@) for B=0

where (1 + Bw(z)) "% and e©) have the value at 1 at the origin.
Then w(z) is analytic in & and w(0) = 0. On logarithmic differentiation we
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get,
(v —pB)aw'(2)
D(z
yzw'(2) for B =0.

Now it is easy to realize that subordination ( 2.9) is equivalent to |w(z)| < 1
for all z € U. By Jack’s Lemma it follows that, there exists a point z; € U
such that

(2.12)
29 (z) (Pyl_+pglk(j1(;l) = filuln) ¢ Al for B0,
@) P

vkw(z1) = Fo(w(z1)) ¢ Fa(U) for B = 0.

This contradicts our assumption given by ( 2.9) and the fact that |w(z)| < 1
for all z € U.
By using the condition ( 2.11), we get

fe p+w(z)
zflatb(z 1+ Bw(z
(2.13) o) tee + Buw(z)

for B # 0,

p+w(z) for B=0.

Now by inequality ( 2.13) we obtain

p+7z
for B # 0
2f@D(2) T+, rB#AO
p+~vz for B=0.
By inequality ( 2.14) it follows that f(z) € S,(4, B, p, «). 0O

Corollary 2.5. Let f(z) € S,(A, B,p,a). Then, f(z) can be written in the
form

2P=9(1 4 Bw(z)) 8" for B#0,
(2.15) fi(z2) =
2P=1e79(?) for B=0.

Theorem 2.6. The radius of starlikeness and the radius of convexity of the
S,(A, B, p,a) is given by

2(p —q)

(2.16) R, = .
(v —pB)+ /(v —pB)?+4(p — q) [(v — pB) + (p — q) B




1116 S. Latha, D. S. Raju and N. Poornima

The radius is sharp, being attained by the function

2P79(1 4 Bw(z))% for B #0,
(2.17) F(2) =
2P~1e79(?) for B=0.
zfa+(2)
o)
the closed disc with center at C(r) and the radius p(r), where

(2.18)

Proof. By Lemma 2.2, the set of values is obtained which comprises

_ (p—q@ —[Bly—pB)+ (p—q)B*|r? _ (y—=pB)r
C(r) = 11— 522 and p(r) = R
Now by the definition of the class S,(A, B, p, &) we have,
zfa+b(z)
This gives,
(2.20)

V) L p—a) = (v —pB)r — [B(y —pB) + (p — ¢) B*]*
f@(z) - 1 — B?r2 '
Hence for r < Rgc the right hand side of the preceding inequality is positive,
implying that
2p —
(2'2]‘> RSC S (p q) .
(v =pB) +/(y =pB)? +4(p — ) [(y = pB) + (0 — ¢) B’]

The radius is sharp, being attained by the function £ (z) given by ( 2.17). O

Remark 2.7. For parametric values of A, B, p and o we get the well known
results proved by Aouf , Nasr and also the results of Yasar Polatoglu.
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