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Abstract. Let Ap denote the class of analytic functions of the form

f(z) = zp +
∞∑

n=p+1

anzn (p ∈ N = {1, 2, 3, ...})

defined in the unit disc U = {z : |z| < 1} and Ω denote the class of functions
such that ω(0) = 0 and |ω(z)| < 1. Let P(A, B, p, α) be the class of functions
of the form

p(z) = p +

∞∑
n=1

anzn and p(z) =
p + γω(z)

1 + Bω(z)
, −1 ≤ B < A ≤ 1

where γ = (p−α)A+ αB. In this paper, we define the class Sq(A, B, p, α) of
functions f(z) ∈ Ap such that

q +
zf (q+1)(z)

f (q)(z)
= p(z) for p(z) ∈ P(A, B, p, α)
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and radius of starlikeness and convexity of functions in this class are studied.
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1. Introduction

Let Ap denote the class of analytic functions of the form

f(z) = zp +
∞∑

n=p+1

anzn(1.1)

defined in the unit disc U = {z : |z| < 1}. Let Ω denote the class of bounded
analytic functions ω(z) in U satisfying the conditions ω(0) = 0 and |ω(z)| ≤
1 (z ∈ U).
For functions g(z) and G(z) analytic in U , we say that g(z) is subordinate to
G(z) if there exists a Schwarz function ω(z) ∈ Ω such that g(z) = G(ω(z)).
If G(z) is univalent in U , then g(z) is subordinate to G(z) if and only if
g(0) = G(0) and g(U) ⊂ G(U).
For −1 ≤ B < A ≤ 1 and 0 ≤ α < p, P(A, B, p, α) [1] denote the class of
analytic functions defined in U such that

p(z) = p +
∞∑

n=1

anzn and p(z) =
p + γω(z)

1 + Bω(z)
, −1 ≤ B < A ≤ 1.(1.2)

where γ = (p − α)A + αB. Further, p(z) ∈ P(A, B, p, α) if and only if

p(z) = (p − α)p1(z) + α, p1(z) ∈ P(A, B)(1.3)

where P(A, B) [3] is the Janowski class of functions p1(z) which are of the
form

p1(z) = 1 +

∞∑
n=1

bnzn(1.4)

and are analytic in U , such that p1(z) ∈ P(A, B) if and only if

p1(z) =
1 + Aω(z)

1 + Bω(z)
, −1 ≤ B < A ≤ 1, ω(z) ∈ Ω, z ∈ U .(1.5)

We define the class Sq(A, B, p, α) of functions f(z) ∈ Ap such that

q +
zf (q+1)(z)

f (q)(z)
= p(z) for p(z) ∈ P(A, B, p, α)(1.6)
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2. MAIN RESULTS

Lemma 2.1. (Jack’s Lemma) [2]: Let ω(z) be a regular function in the unit
disc U with ω(0) = 0, then if |ω(z)| attains its maximum value on the circle
|z| = r at a point z1, we can write z1ω

′(z1) = kω(z1), where k is real and k ≥ 1.

Lemma 2.2. The function

ω =

⎧⎪⎨
⎪⎩

p + γz

1 + Bz
for B �= 0,

p + γz for B = 0

(2.1)

maps |z| = r onto a disc centered at C(r) and having the radius ρ(r) given by

C(r) =

⎧⎪⎪⎨
⎪⎪⎩

(
p − γBr2

1 − B2r2
, 0

)
for B �= 0,

(p, 0) for B = 0

(2.2)

and

ρ(r) =

⎧⎪⎨
⎪⎩

(γ − pB)r

1 − B2r2
for B �= 0,

|γ|r for B = 0.

(2.3)

Proof. Consider

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ω =
p + γz

1 + Bz
⇔ z =

ω − p

γ − Bω
⇔ |z|2 = r2 =

|ω − p|2
|γ − Bω|2 for B �= 0

⇒ u2 + v2 +

(
2γBr2 − 2p

1 − B2r2

)
u +

p2 − γ2r2

1 − B2r2
= 0, for B �= 0.

ω = 1 + γz ⇔ z =
ω − p

γ
⇔ |z|2 = r2 =

|ω − p|2
|γ|2 for B = 0

⇒ u2 + v2 − 2u + p2 − γ2r2 = 0, for B = 0.

(2.4)

Lemma follows from ( 2.4).

Lemma 2.3. The function

ω =

⎧⎪⎨
⎪⎩

(γ − pB)z

1 + Bz
for B �= 0,

γz for B = 0

(2.5)
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maps |z| = r onto a disc centered at C(r) and having the radius ρ(r) given by

C(r) =

⎧⎪⎪⎨
⎪⎪⎩

(−B(γ − pB)r2

1 − B2r2
, 0

)
for B �= 0,

(0, 0) for B = 0

(2.6)

and

ρ(r) =

⎧⎪⎨
⎪⎩

(γ − pB)r2

1 − B2r2
for B �= 0,

|γ|r for B = 0.

(2.7)

Proof. Consider

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ω =
(γ − pB)z

1 + Bz
⇔ z =

ω

γ − pB − Bω
⇔ |z|2 = r2 =

|ω|2
|γ − pB − Bω|2 for B �= 0

u2 + v2 +
(

2B(γ − pB)r2

1 − B2r2

)
u +

(γ − pB)2r2

1 − B2r2
= 0, for B �= 0.

ω = γz ⇔ z =
ω

γ
⇒ |z|2 = r2 =

|ω|2
|γ|2 ⇒ u2 + v2 − γ2r2 = 0 for B = 0.

(2.8)

Lemma follows from ( 2.8).

Theorem 2.4. Let f(z) ∈ Ap be such that

zf (q+1)(z)

f (q)(z)
− p + q ≺

⎧⎪⎨
⎪⎩

(γ − pB)z

1 + Bz
= F1(z) for B �= 0,

γz = F2(z) for B = 0.

(2.9)

Then, f(z) ∈ Sq(A, B, p, α) and this result is sharp being obtained by the func-

tion
p + γz

1 + Bz
.

Proof. Define

f (q)(z)

zp−q
=

⎧⎨
⎩

(1 + Bω(z))
(γ−pB)

B for B �= 0,

eγω(z) for B = 0

(2.10)

where (1 + Bω(z))
(γ−pB)

B and eγω(z) have the value at 1 at the origin.
Then ω(z) is analytic in U and ω(0) = 0. On logarithmic differentiation we



p - Valent Analytic Functions 1115

get,

zf (q+1)(z)

f (q)(z)
− p + q ≺

⎧⎪⎪⎨
⎪⎪⎩

(γ − pB)zω′(z)

1 + Bω(z)
for B �= 0,

γzω′(z) for B = 0.

(2.11)

Now it is easy to realize that subordination ( 2.9) is equivalent to |ω(z)| < 1
for all z ∈ U . By Jack’s Lemma it follows that, there exists a point z1 ∈ U
such that

z1f
(q+1)(z1)

f (q)(z1)
− p + q ≺

⎧⎪⎪⎨
⎪⎪⎩

(γ − pB)kω(z1)

1 + Bω(z1)
= F1(ω(z1)) /∈ F1(U) for B �= 0,

γkω(z1) = F2(ω(z1)) /∈ F2(U) for B = 0.

(2.12)

This contradicts our assumption given by ( 2.9) and the fact that |ω(z)| < 1
for all z ∈ U .
By using the condition ( 2.11), we get

zf (q+1)(z)

f (q)(z)
+ q =

⎧⎪⎪⎨
⎪⎪⎩

p + γω(z)

1 + Bω(z)
for B �= 0,

p + γω(z) for B = 0.

(2.13)

Now by inequality ( 2.13) we obtain

zf (q+1)(z)

f (q)(z)
+ q ≺

⎧⎪⎨
⎪⎩

p + γz

1 + Bz
for B �= 0,

p + γz for B = 0.

(2.14)

By inequality ( 2.14) it follows that f(z) ∈ Sq(A, B, p, α).

Corollary 2.5. Let f(z) ∈ Sq(A, B, p, α). Then, f(z) can be written in the
form

f (q)
∗ (z) =

⎧⎨
⎩

zp−q(1 + Bω(z))
γ−pB

B for B �= 0,

zp−qeγω(z) for B = 0.

(2.15)

Theorem 2.6. The radius of starlikeness and the radius of convexity of the
Sq(A, B, p, α) is given by

Rsc =
2(p − q)

(γ − pB) +
√

(γ − pB)2 + 4(p − q) [(γ − pB) + (p − q)B2]
.(2.16)



1116 S. Latha, D. S. Raju and N. Poornima

The radius is sharp, being attained by the function

f (q)
∗ (z) =

⎧⎨
⎩

zp−q(1 + Bω(z))
γ−pB

B for B �= 0,

zp−qeγω(z) for B = 0.

(2.17)

Proof. By Lemma 2.2, the set of values
zf (q+1)(z)

f (q)(z)
is obtained which comprises

the closed disc with center at C(r) and the radius ρ(r), where

C(r) =
(p − q) − [B(γ − pB) + (p − q)B2] r2

1 − B2r2
and ρ(r) =

(γ − pB)r

1 − B2r2
.

(2.18)

Now by the definition of the class Sq(A, B, p, α) we have,∣∣∣∣zf
(q+1)(z)

f (q)(z)
− C(r)

∣∣∣∣ ≤ ρ(r).(2.19)

This gives,



(

zf (q+1)(z)

f (q)(z)

)
≥ (p − q) − (γ − pB)r − [B(γ − pB) + (p − q)B2] r2

1 − B2r2
.

(2.20)

Hence for r < Rsc the right hand side of the preceding inequality is positive,
implying that

Rsc ≤ 2(p − q)

(γ − pB) +
√

(γ − pB)2 + 4(p − q) [(γ − pB) + (p − q)B2]
.(2.21)

The radius is sharp, being attained by the function f
(q)
∗ (z) given by ( 2.17).

Remark 2.7. For parametric values of A, B, p and α we get the well known
results proved by Aouf , Nasr and also the results of Yasar Polatoglu.
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