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Abstract. In the present paper,we define the class 7,"(«, 3,1) using the mul-
tiplier transformation. For functions belonging to this class we discuss coefficient

estimates, inclusion relations, extreme points and some more properties.
Mathematics Subject Classification: 30C45

Keywords: Univalent functions, Multiplier transformation, Komato operator

1. INTRODUCTION

Let A denote the class of functions f(z) of the form
(1.1) f(2) :z+2amzm
m=2

which are analytic in the open unit disc U = {z : |z| < 1}.
Let 7 denote the subclass of A in U, consisting of analytic functions whose
non-zero coefficients from the second onwards are negative. That is, an analytic

function f € 7 if it has a Taylor expansion of the form

(1.2) f(z)=2z— Zanz” (a, >0)
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which are analytic in the open unit disc U.

For f € A, multiplier transformation I(m,\,[)f(z) [3] defined by
= (A(k—1)+l+1

I(m, A\ =z—
Now using multiplier transformation, we define the subclass of 7 .

Let 7)"(«, 3,1) be the subclass of 7 consisting of functions which satisfy the

) apz®,me Ny,\,1>0,j €N

conditions

2((I(m, N\, D) f)
(1.3) %{52(1(% ANOFY + (1= B)I(m, A, l)f} -

for some «, 8 (0<a,8<1), \,1 >0 and m € Ny.

2. MAIN RESULTS

Theorem 2.1. A function f defined by (1.2) is in the class T\"™(«, 3,1) if and only

of
(2.1) Z ()\(k_llj_il—i_1)mak[k—ozﬁk+ozﬁ—oz]<1—a,
k=j+1

where o, B (0<a,8<1), \,l >0 and m € Ny.

Proof. Suppose f € T)"(a, 5,1). Then

2(I(m, A D) fY
§R{ﬁz(f(m, ANDF)Y + (1= ﬁ)I(M,/\,l)f} >,

=~ (AE-1D)+1+1\"
Z—Z( T ) kayz

R k=j+1
= NE=1)+1+1\" . NE=1)+1+1\"
ole= > (M) ket - o= 3 (MR @l
k=j+1 k=j+1
L Z (A(k:—llj)LJlrlJrl) I
it > Q.
B Z ()\(k—llJ)rleHl) M B0k — 1)+ 1

k=j+1

> o,
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Letting z — 1, we get,

-y (/\(k—llJ)rJlrl+1) kak>&{1_ 3 (A(k—llJ)jHl) ak[ﬂ(k—1)+1]}.

k=j+1 k=j+1

Equivalenty we have,

Z ()\(k—llJ)rleHl) kak—a{ Z ()\(k—llj)leLlJrl) &k[ﬁ(k_1)+1]}<(1—a)

k=j+1 k=j+1

which implies

S (A(k—1)+l+1)mak[k_&ﬂk+&ﬂ_&]<(1_&)'

= I+1

Conversely, assume that (2.1) is true. We have to show that ( 1.3) is satisfied or

equivalently
2(1(m, A\ D)) .
Where
S (AE-D I+
z—k_z ( 1 ) kayz
J+1 »
B Z ( _l1+J1rl+1) a2 [B(k — 1) + 1]
Z ()\(k—llj)LJerl) ar(k —1)(3 —1)2"
I AE=1)+1+1
o ap[B(k — 1) +1]2*
k;l( [+1 ) k
— (AE—-1)+1+1\" )
k;l( I+1 ) ap(k —1)(8 = 1)[="]
B — (A=D1 +1+1\" )
’Z‘_kzj;l( [+1 ) ap[B(k — 1) +1]|2"
Z (/\(k‘—ll—i)_—i—l-f-l) ak(k—l)(ﬁ_w

< o io: ()\(k_1)+l+1)mak[ﬁ(k—1)+l]

et I+1
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is bounded above by 1 — « if

[ Ak—1)+1+1\" [ Ak—=1)+1+1\"
yo (A=Y an(k-1(3-1) < (-a)1- Y (=D a[B(k-1)+1))
- [+1 , [+1
k=j+1 k=j+1
or
N (Ak=1)+1+1\"
Z ( s aglk —afk+af —a] <1—a,
, [+1
k=j+1
which is true by hypothesis. This completes the proof. O

For | = o, we get Theorem 2.1 of [5] as Corollary.

Corollary 2.2. A function f defined by (1.2) is in the class T («, 3,0) if and only
if

(e 9]

Z 1+ (k= DA\ ag[k —afk+af —a] <1-—a.
k=j+1

where a, (0 < a,5 <1),A >0 and m € Ny.

For A=1,m=0 and m=1,A=1 and [ = 0 respectively in theorem 2.1

we have the following result of Mostafa [4].

Corollary 2.3. i A function f(z) defined by (1.2) is in the class T(«a, 3,1) if
and only if

o0

Z (k — afk+af —a)a, <1—a.

k=j+1
ii. A function f(z) defined by (1.2) is in the class T (a, 3,0) if and only if
Z k(k — afk+ af —a)a, <1 —a.
k=j+1
Corollary 2.4. If f € T)"(«, 3,1), then
1—-a

)m[k—ozﬁk—l-ozﬁ—oz]'

<
lax] < Mk—1)+1+1
[+1

Theorem 2.5. Let 0<a<1l, 0<(<[(y<1, néeNy then
,Zi)\m(oﬁﬁ%l) C ,Zi)\m(aaﬁhl)'



A note on multiplier transformation 1055

Proof. For f € T)"(«, B2,1). We have,

Z ()\(k _ll_')_—; : + 1) &k[k — Oéﬂgk -+ Odﬂg — Od]
k=j+1

E—1)+1+1

< E ( )+l ) aglk — afik+af; —a]l <1 —a.
[+1

k=j+1

Hence f € T)"(«, 81, 1). a

Theorem 2.6. Let f € T)"(«a, 3,1). Define fi(z) =z and

1_
fk(z):Z+ = @ Zk, k:273’...’

Z (A(k—1)+l+1)m[k_aﬁk+aﬁ_a]

= I+1

for some «, (0 <[ <1), nGNO, A>0and zelU. feT™(a,B,1) if and only

if f can be expressed as f(z Z,ukfk ) where pr >0 and Z,uk =1

k=1

Proof. If f(z Z,ukfk ) with Zuk =1, pp >0, then
k=1

N ()\(k_ll)+l+1)m[k—ozﬁk:+aﬁ—a],uk
2. (& +1)1+z+1m
- Ak —
k=j+1 . T 1 |k — afk+af —af
Y m(l—a)=(1—m)(1-a)
k=j+1
<(1—a).

(1-a)

Hence f e T,)"(a, 3,1).
Conversely, let f(z) =z — Z apz® € T"(a, 3,1), define

k=2

AMk—=1)+1+1\"
( = ) [k — afk + af — of |a]

i = = ,
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and define p; =1 — Zuk. From Theorem 2.1, Z,uk <1 and hence p; > 0.

k=2 k=2
S(i;lce e fe(z) = ,uk{;(z) + ag2",
Z,Ulcfk-(z) :Z—Zakzk = f(2). H
k=1 k=2

Theorem 2.7. The class T,"(«, 3,1) is closed under convez linear combination.

Proof. Let f, g € T"(a, §,1) and let

f(z)=2— i&kzk, g(z) =z — ibkzk.
k=2 k=2

For n such that 0 < n < 1, it suffices to show that the function defined by
h(z) = (1 —n)f(2) +ng(z), =z €U belongs to 7,"(c, 3,1). Now

o0

h(z) =2 =) [(1=n)ay +nby]2".

k=2

Applying Theorem 2.1, to f, g € T,"(av, 3,1), we have

ki ()\(k _l:)—Jlr = 1>m [k — afk + af — o [(1 = n)ay + nb]
=j+1
j i (l_n)kil (/\(k _lllil+1)m[k—aﬁk+aﬁ—a]ak
—j+
o i ()\(k_ll_')_—;l—i_1)m[k_04ﬂk+&ﬁ_04]bk
k;(ll -l —a)+n(l—a)=(1-a)
This implies that h € T,"(a, 3, 1). O

Corollary 2.8. If fi(2), fa(z) are in T"(a, 3,1) then the function defined by
g(z) = %[fl(z) + f2(2)] is also in T\ (v, B,1).

Theorem 2.9. Let for i = 1,2,--- ,k, fi(z) = 2z — Z api2" € T™(a, B,1) and
m=k
k
0 < B; <1 such that Zﬁ, =1, then the function F(z) defined by
i=1

k
F(z) = Zﬁ,f,(z) is also in T)"(a, B3, 1).
i=1
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Proof. For each i € {1,2,3,--- ,k} we obtain

Z (/\(k—l)+l+1) k= Bkt af — allas] < (1— ).

S [+1
Since i
F(z) = Zﬁz(z - Z a2
i=1 k=j+1
00 k
=z— Z (Z Biagi) 2"
k=j+1 i=1
AR -1+ 1+ 1\ -
S ( ( llJ)rJlr - 1) [k — afk + af — [Zﬁ,a,ﬁ]
k=j+1 i=1
. XAk =) +1+1\"
YDy ( ( le + ) [k—aﬁk+aﬂ—a]]
=1 Lk=j+1
k
< Zﬁi(l—a) <(1—-a).
i=1
Therefore F(z) € T, (o, 3,1). O

Theorem 2.10. Let f € T"(«,3,1). The Komato operator of f is defined by

e [ e ()

c>—1, >0 then k(z) € T,"(«, 5,1).

Proof. We have
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1 v
Since f € T)"(«, 3,1) and since (CI k) < 1, we have
c
ANk =1 F1+1\T c+ 1\
k—afk+ af — — <(1—-a).
k;( T )[ aBk+ af O‘](c+k) ap < (1—a)

Theorem 2.11. Let f € T"(«, 3,1), then for every 0 <0 <1 the function

Ms(z) = (1— )f(z)w/;@dt.

> )
Proof. We have H, =2z — 1+——6)a2
f 5(2) z( ' 5)a

)
Since (1 + i (5) <1, k>2, soby Theorem 2.1,

S (1+%—5) (A(’“ _lljzirl+1)m[k—@ﬁk+aﬁ—a]ak

k=j+1
< Z ( —ll+—i—l+1> |k —aBk+ af — aolay
k=j+1
< (1—a).

Therefore Hs(2) € )" (a, 5,1).
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