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ABSTRACT

A subset D of vertices in a graph G is an indepethdeminating set if D is
a dominating set and an independent set. A grajdependent domination edge
subdivision critical if the subdivision of an amaity edge increases the independent
domination number. On the other hand, a graph depandent domination edge
subdivision stable if the subdivision of an arbiradge leaves the independent
domination number unchanged. In this paper, weioatthe study of independent
domination critical and stable graphs upon edgelisigion.
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1. INTRODUCTION

Let G=(V, E) be a graph with vertex set V and edgeE. A subset D of V is an
independent dominating set if D is an independehtasd every vertex of Vis adjacent to
some vertex in D. Independent domination numbepthi(G) is the minimum cardinality
of an independent dominating set. An independemtiniating set of cardinality i(G) is called
an i(G)-set. When a graphical parameter is of @delin an application, it is not only
important to study the parameter but also it isdrtgmt to know how the parameter behaves
when the graph is modified. For instance, the &fexd removing or adding an edge, or
removing a vertex have been considered on the gaeardomination number. In this paper
we consider the graph parameter independent daiminatimber and edge subdivision as
the graph modification.

Sumneret al.? initiated the study of domination critical grapf$at is graphs whose
domination number decreases when an edge in theleorant of the graph is added.
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Removal of a vertex can increase the dominationbaurhy more than one, but can decrease
it by at most one. Motivated by this Brighamefined the concept of vertex domination
critical graph. Van der Mer#eénitiated the study of those graphs where thd tienination
number decreases upon the addition of any edgeahskaet al.>°discussed the concept of
weakly connected domination critical graphs andrattarized the trees which are weakly
connected domination stable. A@onsidered the effect of addition of edge on the
independent domination number and initiated thelystof independent domination critical
graphs. Edwaret al.® introduced the independent domination vertexaaitgraphs. Yamuna
et al.' introduced the concept domination stable andcatitjraph upon edge subdivision.
Sharadaet al.” introduced the concept of independent dominatittical and stable graphs
upon edge subdivision.

We continue the study of independent dominatioticatiand stable graphs. We also
characterize the trees which are independent ddiminaritical. An edgeuv is said to be
subdivided if the edgev is deleted and two new edgesandxv are addedx is a new vertex
and is called the subdivision vertex. Subdivisidnaon edge in a graph can cause its
independent domination number to increase, to deeteor to remain the same. L&t
denote the graph obtained on subdividing an arlgigegee of G.

All graphs considered in this paper are finite aimdple. For definitions not given
here and notations not presented .s@dree is an acyclic graph. A leaf of a tree iseatex of
degree 1. A support vertex is a vertex adjaceatleaf. A strong support vertex is a support
vertex that is adjacent to more than one leaf.

2. KNOWN DEFINITIONS

We have the following weak partition of an edge Béf), where by a weak
partition of a set we mean a partition of the sathich some of the subsets may be empty.

Definition 1[7]: For a grapltt, a weak partition of its edge set is givenEiyr) = E°(G) U
E-(G)VE*(G).

Definition 2 [7]: A graph G is defined to be independent dominatdge subdivision
critical, or i — critical for short,if i(G;) > i(G) for every edgee € E(G). In other
words,G isi — critical if E(G) = E*(G).

Definition 3 [7]: A graphG isi — stable if i(G; ) = i(G) for every edgee € E(G). In
other wordsG isi — stable if E(G) = E°(G).

Definition 4 [7]: A graphG isi — changing if i(G; ) # i(G) for every edgee € E(G).
Thus a graph G is-changing if the subdivision of any edge from Gheitincreases or
decreases the independent domination number,sh&{G) = E~(G) U ET(G). It follows
thati-critical graphs are a subsetiafhanging graphs.
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3.MAINRESULTS

Lemmal. If e is an edge of a gragbtheni(G;) < i(G) + 1.

Proof. Lete = uv be an edge db. Let uv be subdivided to form two new edges and
sv, wheres is the new vertex. Léd be a minimum dominating set 6f
We consider two cases.

Case 1: u,v does not belong td. ThenD U {s} is an independent dominating setdjt
Thus,i(Gy) < |D U {s} = i(G) + 1.

Case 2: |u,v N D| = 1. Without loss of generality suppogee D andv’ does not belong
toD. ThenD U {v}is an independent dominating setGgf Thus,i(G,) < |D U {v}|
= i(G) + 1.

Observation 2. Let G be i — critical theni( G,) = i(G) + 1,for everye € E(G).
Lemma3. If G is i — critical, then no two support vertices are adjacent.

Proof. Suppose that andv are adjacent support vertices adjacent to pendatitesu’ and
v’ respectively. LetG* be the graph obtained on subdividing the edgef G. Lets be the
new subdivision vertex. L)’ be a minimum dominating set . We consider two cases.

Cael:u,v € D'

ThenD; = (D' \ {u,v}) U {u,v'}or D, = (D"\ {u}) U {u'} is an independent dominating
set of G and i(G) < |D;| = |D,| = i(G*), a contradiction, sincéD| = |D'| and G is
i — critical.

Case2: |{u,v}n D'|=1

Without loss of generality, suppose € D' andv does not belong t®'. ThenD' is an
independent dominating set@fandi(G) < |D’| = i(G*), a contradiction.

Lemmad. If G isi — critical then for every two supporis v there isd(u,v) = 3.

Proof. By previous Lemma, there igu, v) > 1 for every two supports, v. Suppose that

and v are support vertices in ain— critical graphG and d(u,v) = 2. Let w be the
intermediate vertex joining andv. Subdivideuw to form two new edgess andsw, where
S is the new vertex. Le€* be the graph obtained on subdividing. Without loss of
generality we assume thatv € D’ ands does not belong t®'. ThenD' is also an
independent dominating set of G. Heno@) < |D'| = i(G*), a contradiction, sinc& is

i — critical.
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Lemmab. Let G be i — stable then
1. Every support vertex has exactly one pendatéxedjacent to it.
2. If v is a pendant vertex then there exist$(@)-set containing.

Proof. 1. Letu be a support vertex adjacent to two pendant wsticy. Thenu is contained
in everyi(G) — set. Lete = ux ande’ = wy, theni(G; ) = i(G;, ) = i(G) + 1, which is
a contradiction a§ is i-stable.

2. Letu be a support vertex adjacent to the pendant vert&aubdivideuv to form two new
edgesus andsv, wheres is the subdivision vertex. Let = uv andD be an i(G; ) — set.
We havev € D orv does not belong tb. If v € D thenD is also an(G) — set. If v does
not belong td thensis contained if(G, ) — set, sincev is pendant. Henc@\ {s}) U {v}
is ani(G) — set. Thus in both the casashelongs to som&G)-set.

Lemma 6. Every graph is an induced sub graph of-aiable graph.

Proof. Let G be a graph with n vertices say,u,,...,u,. Let H = G - K,. Label the
pendant vertices i as vy, vy, ..., v,. Clearly{v,,v,,...,v,} is ani(H)-set. LetH,; denote
the graph obtained on subdividing the edgef H, wheree; = (u;,v;), fori = 1,2,...,n.

Let s; denote the new vertex obtained on subdividingfor i = 1,2,...,n. Then
({vy, vz, -, v} \ {vi}) U {s;} is ani(H;)-set. ConsideH,;,wheree; = (u;,u; + 1), for

j=12,...,n Then({vy,vy,..., v} \ {v; + 1}) U {y; + 1} is ani(H,;)-set. In both the
cased(H,;) = i(H). Therefore isi — stable.

Independent Domination Critical Trees

We are now in a position to constructively chardaeeeall i-critical trees. For this
purpose, we define a family of trees and two opamat/f T is a tree, then we define the
status of a vertex, denotedsta(v), to beA or B. Let F be a family of trees that can be
obtained from a sequents,, ..., T;, (j > 1) of trees such thd, is a stak, ,,, form > 1,
where initiallysta(v) = A for the support vertex of Ty, sta(u) = B for every leafu of
T, andT =T;, and, ifj > 2, thenT;,; can be obtained frorfi by one of the operations
listed below. Once a vertex is assigned a stahis status remains unchanged as the tree is
recursively constructed.

Operation O;: The treeT;,, is obtained fronT; by adding a path, v, w and an edgevy,
where y is a vertex ofT; such thatsta(y) = B. Let sta(u) = B, sta(v) = A and
sta(w) = B.

Operation Oy The tre€T;, ; is obtained fronT; by adding a path, v,w, x and aredge xy,
wherey is a vertex off; such thasta(y) = A. Letsta(u) = B,sta(v) = A, sta(w) =
B andsta(x) = B.
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Lemma7.If T € F,then there is the unique minimum independentidatimg set ofT.

Proof. LetT € F. Then every vertex df is assigned with a status. Assume therekare
vertices with statud in T. ThenD = {ay,...,a;}, wheresta(a;) = Afori = 1,...,kis
the unique minimum independent dominating set.of

Lemma 8. If T is a tree with at least three vertices ahdis the unique minimum
independent dominating setih thenD contains no leaves.

Proof. Suppose there is a leaf in D, where D is the unique minimum independent
dominating set of. Then(D \ {v}) U {u}, whereu is the only neighbor af, is a minimum
independent dominating set®f a contradiction.

Theorem 9. If T is a tree with at least three vertices, tifeie F if and only if there is a
unique minimum independent dominating sef in

Proof. If T € F, then the result follows from Lemma 7.

Let T be a tree with at least three vertices and asshere is the unique minimum
independent dominating set Th We use induction o@(T), the independent domination
number ofT. If i(T) = 1, thenT is a star with at least two leaves and of colrse F.
Assume thaf(T) > 1 and letP = (v,,...,v;) be a longest path iA. Sincei(T) > 1, we
havel > 2. LetD be the unique minimum independent dominatingrs&t From Lemma 2
we havev0 does not belong td. Thus v, € D. We now consider two possibilities
depending on the degreewf.

Casel:deg(v3) > 2

DefineT’' =T \ {vy, v1,V,}. It is possible to observe that there is a unigimum
independent dominating set il and i(T") < i(T). Thus by the induction hypothesis,
T' € F. If vy is a support vertex then; € D. Moreover if deg(v,) = 2 in T, then
(D \ {v1}) U {vy} would be anothei(T) —set, which is a contradiction. Heneg is not a
support vertex. Thusta(vz) = B inT’. ThusT is obtained fronT’ by operation @

Case2:.deg(v;) = 2

Define T' =T \ {vy,v1,v,,v3}. It is possible to observe that there is a unique
minimum independent dominating set T and i(T") < i(T). Thus by the induction
hypothesis]’ € F. Suppose, is not a support vertex iff, thenv, does not belong tb.
Without loss of generality we assume tigte D. As in case 1 we can prove tlatis not
the uniqgue minimum independent dominating set, thia contradiction. Hence, is a
support vertex if’. Thussta(v,) = AinT'. ThusT is obtained fronT’ by operation @
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Theorem 10. A treeT isi — critical if and only if there is a unique minimum indepenide
dominating set ifT.

Proof. LetT be a tree. Suppose there is a unique minimum amtEnt dominating set Ih
and T is noti — critical. Then there is an edge such thét, ) = i(T), whereT, is
obtained by subdividing the edgeof T. Let D' be a minimum independent dominating set
of T,, . Lets be the new vertex obtained on subdividing the edge uv. We consider
three possibilities.

Case 1: If u, v does not belong tB’ thens must belong t®'. ThenD; = (D' \ {s}) U {u}
and D, = (D'\ {s}) U{v} are independent dominating sets Tinand |D;| = |D,| =
i(T,;) = i(T), which is a contradiction to the fact that theréses exactly one minimum
independent dominating setih

Case 2: If u,v belong toD’, letu’ # u be a neighbor oft andv’ # v be a neighbor of.
ThenD; = (D' \{uph) v{u'}and D, = (D'\ {v}) U {v'} are independent dominating sets
inT and|D;| = |D,| = i(T;) = i(T), which is a contradiction to the fact that thexests
exactly one minimum independent dominating sét.in

Case 3: Exactly one of the vertices af, v belongs ta'. Assume that: belongs tdD’ andv
does not belong td'. If s belongs taD’ then defineD, = (D" \{s}) U {v} and if s does not
belong toD’, defineD; = (D' \ {v'}) U {v}, wherev' is a neighbor of». ThenD; andD,
= D’ are independent dominating setsTinand |D;| = |D,| = i(T, ) = i(T), which is a
contradiction to the fact that there exists exaotlg minimum independent dominating set
inT.

Now we show that ifT is i — critical, then there exists exactly one minimum
independent dominating setTh Suppose to the contrary that there are at least(T)-sets,
sayD, andD,. Then|D; @ D,| > 2, where(D;®D,) = (D, \D,) U (D, \D,).

Claim 1. Every vertex belonging t®,\D, has a neighbor iD,\ D; and every vertex
belonging toD,\D; has a neighbor in fiD,. Suppose this is not true, lete (D, \D,) and
Ny (u) n (D,\D,) = @. Then of course: does not belong tD,. But we observe that every
neighbor ofu belongs td),. SinceN; (u) n (D,\D;) = @, we haveN; (u) S D,. But then
D; \ {u} is a smaller independent dominating sef,oivhich gives a contradiction.

SinceT is a tree, Claim 1 implies th&(D,®D,) is a non-trivial forest. Lett be a
leaf of T(D;®D,). Without loss of generality let € (D; \D2) and letv be the neighbor of
u such thatv 2 (D, \ D). Let us choose such that is not a leaf off (if v is a leaf ofT,
then we can take instead ofv andv instead of).

Let uv be subdivided to fornus andsv, where s is the subdivision vertex. Then
D = (D1\ {u}) [{s} is an independent dominating setTgf andi(T,) = P| = |D,| =
i(T), which contradicts the fact thatisi — critical.
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Corollary 11. Let T be a tree of order at least three. Thenftéitlewing conditions are
equivalent:

e T belongs to the family;

e Tisi— critical;

» There is exactly one minimum independent donmigaet inT;
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