Ukrainian Mathematical Journal, Vol. 62, No. 12, May, 2011 (Ukrainian original Vol. 62, No. 12, December, 2010)

ON A CONTINUED FRACTION OF ORDER 12

K. R. Vasuki, Abdulrawf A. A. Kahtan, G. Sharath, and C. Sathish Kumar UDC 511.72

We present some new relations between a continued fraction U(g) of order 12 (established by
M. S. M. Naika et al.) and U(¢") for n = 7,9, 11, 13.

1. Introduction

Throughout the paper, we assume that |¢| < 1. For a positive integer n, we use the following standard

notation:
(a@)o :=(a;q)o = 1,
n—1 .
@n = (@@ = [[(1 —ag).
i=0
and

(@)oo = (@:q)o0 = [ ] (1 —ag™.

n=0

In Chap. 16 of his Second Notebook [12, p. 197; 3, p. 34], S. Ramanujan developed the theory of theta functions
and his theta function is defined as follows:

o0
flab)i= Y a"27p" T = (—arab)oo(—biab)oo(ab;ab)o,  labl < 1.

n=—oo

Following Ramanujan [12, p. 197], we define

— 12 (=41 —@)oo

= s = 1 2 k = -,
¢(@) = flg.q) =1+ kglq T
R N PR Ut o
V(@)= f(g.4>) =) q =

k=0
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and
s kBk—1)
f=q) = f(=q.—-¢>) = > D¢ 7 =(g:9)eo-
k=—o00
For the sake of convenience, we denote
f(=4") = fn.
The celebrated Rogers—Ramanujan continued fraction is defined as
4 f(—q.—¢YH 4 g P4
R(q) = 3 = = — — . (1.1)
f(=q*.—4>) 1 +1+ 1+ 1 +...

On p. 365 of his Lost Notebook [13], Ramanujan recorded five identities showing the relationships between
R(q) and five continued fractions R(—q), R(¢?), R(q®)., R(g*), and R(g>). He also recorded these identities
at the scattered places of his Notebooks [12]. L.J. Rogers [14] established the modular equations relating R(q)
and R(¢"™) for n = 2,3,5, and 11. The last of these equations cannot be found in Ramanujan’s works. For the
proof of these equations, we can refer the reader, e.g., to [4]. Recently K. R. Vasuki and S.R. Swamy [19] found
the modular equation relating R(g) with R(g”).

The Ramanujan’s cubic continued fraction G(g) is defined as follows:

¢'*f(~q.-¢") _d'® g+ +at P +4°
f(=4*.—4*) I+ 1 + 1+ 1 4.

G(q) = (1.2)

The continued fraction (1.2) was first introduced by Ramanujan in his second letter to G. H. Hardy [10]. He also
recorded the continued fraction (1.2) on p. 365 of his Lost Notebook [13] and claimed that there are many results
for G(g) similar to the results obtained for the famous Rogers—Ramanujan continued fraction (1.1).

Motivated by Ramanujan’s claim, H. H. Chan [5], N. D. Baruah [1], K. R. Vasuki, and B. R. Srivatsa Kumar
[18] established the modular relations between G(g) and G(g") for n = 2,3,5,7,11 and 13.

The Ramanujan Go6llnitz—Gordon continued fraction [13, p. 44; 8; 9] is defined as follows:

Hig = 12IC8 =) a2 2 q*
' f(=q.—q7) I 4+ 1443+ 1+4¢° +...°

(1.3)

Chan and S.S. Hang [6] and K.R. Vasuki and B.R. Srivatsa Kumar [17] established the relationships between
H(q) and H(q") with n = 3,4,5, 11 by using the modular equations deduced by Ramanujan. Recently, B. Cho,
J.K. Koo, and Y. K. Park [7] extended the results cited above for the continued fraction (1.3) to all odd prime p
by computing the affine models of modular curves X (I') with I' = I'1(8) N Tp(16p).

Motivated by the cited works on the continued fractions (1.1)—(1.3), in the present paper, we establish the
relationship between the following continued fraction U(g) and U(g") for n =2,7,9,11 and 13 :

_4fca.—q¢"Nal-9) 0-¢)0-¢") 0-¢%1-q"%)
LS9 —q7) =g + (A=) (1 +4¢%) + A=g)HU+4¢"2) +...

U(q) (1.4)

The continued fraction (1.4) was established by M. S. M. Naika, et al. [11] as a special case of a fascinating
continued-fraction identity recorded by Ramanujan in his Second Notebook [12, p.74]. Furthermore, they have
also established a modular relationship between the continued fraction U(g) and U(¢") with n = 3 and 5.
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2. Some Preliminary Results

Theorem 2.1 [11]. We have

) _1+U()
#@3 1-Ulg)

Theorem 2.2. We have

$*(—0) _,__4U@
¢%(—q3) 1+U(q)

Proof. It follows from [2] that

2 2, 3\\2
(#°(@) +9%(¢7)" = pYE

Moreover, it follows from [16] that

B 4¢(q3)¢3(—q3)¢(q)‘

_ 4¢(613)¢(q)¢3(—61).

(3¢2(¢%) — ¢*())” =

$(—q°)
From (2.3) and (2.4), we deduce the relation
, @
¢22<(—_qq3)) - ﬁ% |
' )

By using (2.1) on the right-hand side of this identity, we find (2.2).
Theorem 2.3. We have
v (¢ 1
—=U(@) + — — 1.
qv>(q°) U(q)

Proof. From [2], we conclude that

P _ 4ahfd
P4’ fuf?

and, in addition, that

viad) _ s
qv?q®  qfif3

By using (2.6) and the identity presented above, we find

2.1)

(2.2)

(2.3)

2.4)

(2.5)

(2.6)
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v2(4?) 4
1 = .
e T 9
¢*(=q)

In view of (2.2), this gives the required result.

Theorem 2.4. We have

U(g) + LI 1. 2.7)

U(q)

v _ 1+UG) \/
q'2y2(q3)  1-Ulq)

Proof. Consider the equality
vie) _ $*@v3(@?)
av* (@) 99*(@*)¥*(q5)’

where we have used the identity ¢(¢)¥(¢?) = ¥2(¢q) from Entry 25 [3, p. 40]. Further, by using (2.1) and (2.7)
on the right-hand side of this equality, we obtain the required result.

(2.8)

Theorem 2.5. We have

v (—q) _[UZ(CI)HJr 4U(q) 5]_ 2.9

av*(—¢3) | Ul 1+U%(q)

Proof. Changing ¢ into —g in relation (2.8) and then using (2.2) and (2.5) on the right-hand side of the same
relation, we obtain (2.9).

To prove our main results, we require the following easily deducible identities:

_ 7
#(q) = 1375 v(q) I
L L Nifa
¢ ( q)—fz, V(—q) = 5
B f23 _ 22
flg) = A x(q) = AR
and
x(=q) = % (2.10)

Moreover, we need the following identities analogous to the Rogers—Ramanujan forty identities:
Theorem 2.6 [15]. Let

f(=4>.—4")

M(q) = I



1870 K. R. VASUKI, ABDULRAWF A.A. KAHTAN, G. SHARATH, AND C. SATHISH KUMAR

and
fl=q.—q')
N(g) = I
Then
M@)N(g) + gM@)N(G?) = J;if 2,
4 /3
2 B N
M(g~)N(q) —qM(q)N(g") = tsfafe’
f11E fo f36
M(q*)N 2M(q)N(q®) = 525272
(¢")N(q) +q"M(q)N(q”) 121213 fis
3 2 3y f1f128
M(q )N(q) —q"M(q)N(q”) = AN
5 4 s, Jifé S
M(q°)N(q) —q"M(q)N(q>) = ToFsfrafan
and
5\ 6 s, Ssfefy
M(q)M(q°) —q°N(q@)N(q>) = T frofis feo.

A proof of identities (2.11)—(2.16) can be found in [15].

3. Main Results

@.11)

2.12)

(2.13)

2.14)

(2.15)

(2.16)

In the present section, we deduce the relationship between the continued fraction U(g) and U(g") for n =

2,3,5,7,9,11, and 13.
Theorem 3.1. Let u := U(q) and v := U(q?). Then

u? — v+ 2uv —u?v +v? = 0.

Proof. By (1.4), we have

_49N@)

U(q) M)

Dividing (2.11) by (2.12) and using (2.10), we get

M(@*)N(q) + M (@N@G>) _ ¢(—q%)
M(@*)N(q) —qM(@)N(@@>)  ¢(=q)

3.1
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Squaring both sides of this identity, using (3.1) on its left-hand side and (2.2) on its right-hand side, and then

dividing the equality obtained as a result by 4u, we arrive at the required relation.
Theorem 3.2 [11]. Let u = U(q) and v = U(q>). Then

2

w3 —v3 0% — v+ 3uv -3 +uvr —udv =0.

Proof. Dividing (2.14) by (2.13) and using (2.10), we find

M@)N@) — > M@N@>) _ p(—a*)$(=¢*)p(=¢"®)
M(@*)N(g) +q*M(q)N(q®)  ¢(—=q®)p(—=q°)p(—q°)

Squaring both sides of this identity and using relation (3.1) on its left-hand side and the identity
¢(@)¢(—q) = $*(—¢%)

on its right-hand side, we obtain

(U(q)—U(q3>)2: (@) ¢(-9) $(—4*) $(¢°)
U(g) + U(g?) ¢(q3) ¢(=q*) ¢(—¢°) $(q*)

Squaring again both sides of this identity, applying (2.1) and (2.2) on its right-hand side, and then factorizing

by using Maple, we conclude that
8(—v3 + 0% — v + 3uv — 3u?v? + ulv? —ulv +ud)

2 2

x (v —u*v? + u*v? = 3utv 4+ 5u3 03 —uPv? — v +ud —uvd +utv
+u?v? = 5u0% + 3vtu —uvd +uv? — v = 0.
Thus, it follows from the definition of ¥ and v that
u=U@=1-qg+q¢°—q¢*+q" +...
and
v=U@) =13 +¢5 — g+ ¢% 4 ...

By using (3.2) and the last relation in the same factors as above, we see that the first factor becomes
>3 —6q +3¢>—3¢> +6q* +3¢° — 9%+ ...)
and the second factor becomes

—q3(10 —22q + 1592 —22¢> +33¢* —9¢° + ...

(3.2)
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Thus, the second factor does not vanish. Hence, by the identity Theorem, we must have
v3—v2 4+ v —3uv + 3 -t +udv—ud =o.
Theorem 3.2 is proved.
Theorem 3.3 [11]. Let u := U(q) and v := U(q®). Then
uv® —ubv® + 5u°v° — 5utv® — 5uv® + 10v*u3 + suv?
— 10u*v3 — 100?03 + 50 v? + 10u3v? — 5u°v — 5uv + 5uv —v + u° = 0.

Proof. Dividing (2.15) by (2.16) and using (2.10), we find

M(g*)N(q) —4*M(@N(q®) _ q¥(—) ¥(=¢")
M(q)M(q®) —q°N(@N(G®) ¥ (=q?) ¥(=q°)

Taking power 4 of both sides of this identity, employing relation (2.9) on its right-hand side, and then factor-
izing by using Maple, we conclude that

w? +u?v? + 1 —4uv + v?) s —ubv® + 50°v° — 5u*v’ — 5uv° + 100>
+ 5uv* — 10u*v? — 100203 + 50”02 + 10u3v% — 5u°v — 5u%v + 5uv — v + u’) = 0.
Changing ¢ into ¢° in (3.2), we obtain
v=U@) =1-¢5+¢5 ¢ + 4%+ ...
By using (3.2) and the last relation in the same factors as above, we see that the first factor becomes
> —4q* +2¢° —4¢® +4¢® —2¢° +3¢'° +..)
and the second factor becomes
—q7 (40 — 40g + 20g? + 10¢> — 55¢* + 110¢°> — 180¢° + ... .).
Thus, the first factor does not vanish. Hence, by the identity theorem, we must have
uv® —ubv® + 5u°v° — 5utvd — 5uvd + 10v*u® + Suvt — 10ue?
— 101203 4+ 5u°v? + 10u3v? — 5u°v — 5u%v + 5uv —v 4+ u° = 0.

Theorem 3.3 is proved.
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Theorem 3.4. Let u = U(q) and v = U(q”). Then
Tudv? = 35u3v* — Tudv — 7wl + 35utv3 —u’
+ 7uPv — Tubv + Tu’v — 28uPv? + 28ubv? — 140%u” + 7v3u° — Tv3u®
+ 703u” = 350v%° + Tvou — Tvu? + Tvud + 350°u* — 7o u® + 28v°u’
—7vu’ — 140%u 4 28v%u? — 28v%u> + 7vu® — 28v0u® + 7véu’ + Tv"u
—7vu? + 70w — 70w + 1407u® — 707u” + v7ud —vdu + v — Tuv

+ Tuv? + 14u?v — 28u>v? — Tuv> + 28u%v3 = 0.

Proof. 1f
¢(q)
P =
¢(q?)
and
0]
2=y
then

(&) -(5) =[5 -(5)]

- 02+ g +7(re+ 5) - (5) - (5)
(PQ)+(PQ)3+7 PQ+PQ [1 7 ) | (3.3)

We have deduced identity (3.3) on the lines remarked by N.D. Baruah [1]. Thus, by using (2.1) in (3.3), we
arrive at the required result.

Theorem 3.5. Let u = U(q) and v = U(q®). Then

9uty + 126v*u — 90uv3 + 27v8u3 + v — Yvu + 45v%u + 378u”v?
+ 135uBv* + 54uBv? — 9uBv + 18u”v + 558v*u® — 558v°u3 + 561v*u3
— 10u°v? — 333u®v? + 4u’v — 561uv° + 16u°v> — 19u°v* + 369v°u?

—99u°v?% — 378v*u? + 135v"u? + 99uv® + 16u°v> + 333u3v°
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+ 243u"v3 — 243u%0v% — 126uv° — 27ubv — 54v7u + v¥u — 1350702
+ 10v? — 198v%u* + 369u*v° — 16v° + 19v° — 16v* —u” — 40®
+ 1007 — 243v*u* — 153v%u? + 99v7u* + 297v3u? + uBv® + 243u°0°
— 18v%u? — 297007 + 30u®v® + 153v7u” — 30vu® — 16507u>
+ 198u”v? — 99uBv3 — 423v3u> — 9utv® — 369u"v* + 165u°v?
+ 423u%08 — 153u°v8 — 171u8v7 — 369u°v* — uv® + 54u°v’
+ 27vu? + 90uBv® + v° + v — 104”08 — 45u8v7 + 1710%u3
+153v3u* + 4’07 — 4v? — 27u70v® — 54u*v? —u®v® — 1350°u = 0.

Proof. Let w = U(g?). Then, by Theorem 3.2, we get
u? — w3 + w? —w + 3uw - 3uw? + udw? —udw = 0. 3.4)

Changing ¢ into g3 in relation (3.4), we obtain

3

w3 — 3 + 0?2 — v+ 3wv = 3w?v? + wi?

—w3v =0. (3.5)

Further, eliminating w between (3.4) and (3.5), we deduce the required result.

Theorem 3.6. Let u = U(q) and v = U(q''). Then

—363v7u'® — 528v1%8 + 110v1% ! — 1089v°u® + 1463v*u® — 101207u®
+ 11 2 4 vu — 968v4u? + 44v3u — 374v3u? + 77v*u
—528v*u% — 11vu? — 363v°u? + 550 ul! + pliy!l
+ 7590 7u°® + 55v°u + 550 1w’ — 759v3u’ — 55v7u
+363v"u? — 77v8u + 528v¥u? + 176v'%u?
+ 44010 + 363v2u° — 44vu® — 1102l — 1101%

+ 528v1%%* + 528v*u 1% + 374v°u? — 440v°u



ON A CONTINUED FRACTION OF ORDER 12 1875

—110v%u? + 11v2%u + 77vud + 374v3u'° — 363v%u’

— 77vu* + 11vu'® + 1089v*u> — 3740%u 0

+ 44vu> — 7590°u° + 55vu° + 759v°u’

+363v°u'% 4+ 10120°u® — 10120°u* — 55vu” + 1496v°u°
—759%°u® — 528v%u* — 704v°u” — 550°u'! — 968v8u®

+ 1463v8u* + 1089v3u® — 528v8u 1% — 1089v3u*

— 10890843 — 10120%u° + 1496v7u” + 7703u!!

+ 1089v3u° — 363v!1%° + 1012087 + u'? — 3740%4°
+1023v3u3 — 110v1%1°101207u* — 70407 U5 — 7701 103
+ 1012v*u° + 11out! — 44v1y3 —10120%u7 + 9240°%u
+ 1089v°u* + 1023v°u° — 75907 u> + 759v3u° + 44v%u!!
+ 528v%u® + 759v%u7 — 803v3u® — 44v3ul! + 363v1%7
+ 1089v*u° + 110w + 3740203 — 77v*ult + 770104

+ 374v1%° — 550 5 4 012 — 3740103 — 1101110 — 803v%u3 + 176v%u ! = 0.

Proof. Let

_ 9@
0(q?)

and

_ elg'h
0(q>3)

Then it follows from [18] that
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5

POy

5
(PQ)"+ (PO)? PO

~(5) +(3) 2 |(@) +(2) [ (ror 7)]

P\? [0)? 33 3
+ 11 [(5) + (F) i|[(PQ)3 + POF 15 (PQ + @) +45] + 924,

By using (2.1) in the last relation, we arrive at the required result.

[r0+ e+ e+ 7]
—11|(PQ)* + +308| PO + —

Theorem 3.7. Let u = U(q) and v = U(q'3). Then

—8346u8v° + 611u w12 4 6318u*v® + 8723uBv® — 8346u°v® — 78u7v°
+910u!%7 + 1508u8v? — 780udv” + 8476u8v° — 10322u*v® — 5148u808
— 4811302 — 7228u 010 + 10894u°v° + 611u3v? — 208u8v13 + 91047010
—10322u°v!% — 143u'?0'? + 6409u3v° — 1911u°v1? 4 131311002
—832u v — 531703010 — 1300702 — 2184u ' w1 — 182u130° + 2652u3v!!
— 5148u%v5 — 5317u'%3 — 9141 3v* + 1508u®v'% + 78uv” + 8723u’v®
+ 4706u%v3 4 1846u°v? + 1508u>v® + v!* + 9607u'%v* — 5317u*v!!
— 182uv°® + 78u®v — 1170ubv? — 2184u3v3 — 7228u*v® — 6331u'10°
+ 195u°v + 10894u°v° + 6409u°v3 — 7228u1%® + 6318u!%% 4+ 78u7v 13
+ 47061308 — 780ubv” + 13u'3v'? — 130u%v” + 52u%v'3 — 19111702
+ 6318udv* + 78uv® + 4407u'v!® + 1846u2v°> — 8346ubv® — 1768u"v’
— 8346u°v% — 832u’v? — 10322u'%° — 7631u*v* — 39261803 — 780u7v®
+ 910u7v* — 130u”v? + 78u’v 4+ 10257u*v> + u'* — 832u3v” — 78u7v°

—78u°v” 4+ 10257u'%°® + 8476u°v® — 780u"v® — 12909u°v° — 76311 %10
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+ 846u'?v? —u3v13 + 156u 3010 — 103220°v* + 4407u*v3 + 13uv?
+10257u° 010 + 6409u 1 v> — 6331u°v3 — 1378u*v? + 13u?v + 4407u!0p!!
—3926utv® —3926u3v® — 143u%v? — 1911u'%v° + 6409u°v!! + 8476150

+ 156uv* — 65u3v + 1508u'2v° — 208uv® + 13u'?v!3 — 65u' 1013 4 156010013
+ 195u3v° — 13784 1% 12 + 1313u*v12 — 91u*v '3 — 130u'%v7 — 3926uCv!!
—832u v — 65uv> — 208u'3v8 — 1170u'?0v® + 9607u*v 10 — 1343013

+ 6318u®v'% + 78u13v® + 611u'2v!! + 156u*v + 611u?v3 + 78u'3v’

+ 470611 v® — 1378u2v* + 10257u” v* — 208uBv — 26u'3v — 7228ubv*
—91u'% + 52012y + 4407w v* — 13utv 4 8476u VS — 481u'tv? — 1378u 2y 10
—1170u®v'? 4+ 78uv!3 + 4706u8v — 182u°v — 13uv!'! + 195uv® — 91uv!°
—65uB3 v — v —39y%v1% — 481u2v" — 26uv!3 — 1170u%v® + 52uv'?
—1911u2%v° + 1846u°v'% + 910u*v” — 6331u v — 13u!3v3 4+ 2652u' 103
—481u'%v3 — 182u%v"3 + 52u'3v? + 195u°v 1 + 131302010 — 39u1%p?
—6331u3v° — 5317uto* + 1313u2v* — 12909u°v° — 78u°v7 = 0.

Proof. Let

13
_@ i o %)

¢= 0(q*°)

Then it follows from [18] that
0 7 P\’ P\6 0 6 P\’ 0 5
(%) +(3) “3[(5) +(7) || (g) ()

27 o\* [pP\* 90
— 13[3(PQ)2 * Poe 10}{(?) + (5) } + IS[IO(PQ)Z * Poe " 68]
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0\3 pP\3 90 0\ P\3
A(5) +(5) |+ ojower+ Gosra (3) +(5)

g2 (00 o) 13 (3) + (5)
+13[(PQ) +(PQ)4 20((PQ) +(PQ)2) 115] (P + 0
B A 81 5 9 B Q P
13[(PQ) T oy 10((PQ) +(PQ)2) 131][(P)+(Q)]
729 81 9
=(PQ)® + POy~ 26 [(PQ)“ + —(PQ)J + 169 [(PQ)2 + —(PQ)Z} + 832.

Finally, by using (2.1) in the last identity, we arrive at the required result.
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