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The second degree of a vertex in a simple graph is defined as the number of its second neighbors. The leap eccentric connectivity
index of a graph M, L&° (M), is the sum of the product of the second degree and the eccentricity of every vertex in M. In this paper,
some lower and upper bounds of L& (S(M)) in terms of the numbers of vertices and edges, diameter, and the first Zagreb and
third leap Zagreb indices are obtained. Also, the exact values of LE (S(M)) for some well-known graphs are computed.

1. Introduction

In this paper, M is a finite and undirected simple graph. Let
V(M) and E(M) be sets of vertices and edges of M, re-
spectively. Then, we put n=|V(M)| and m = |E(G)|. If
{a, b} CV (M), then the length of a shortest path connecting
a and b in M is the distance between a and b in M and
denoted by d,, (a,b). Let x be a vertex of M, and let r be a
positive integer. Then, the open r-neighborhood of x in M,
N, (x), is the set of all vertices at distance r from x; that is,
N, (x) ={v e V(M): dy; (v,x) = r}. The r-distance degree
of a vertex x in M is the size of the open r-neighborhood of x
in M, and it is denoted by d, (x/M) or simply d, (x) if no
misunderstanding is possible; that is,
d,(x/M) =d, (x) = [N, (x)|. It is clear that d, (x/M) is the
degree of vertex x in M, and we denoted it by d,;(x) or
simply d (x). Also, the eccentricity of a vertex x in M, e (v), is
defined as e(v) = max{d,, (v,u): u € V(M)}, and the di-
ameter and radius of graph M are defined as diam (M) =
max{e(v): v € V(M)} and rad (M) = min{e(v): v € V (M)},
respectively.

The subdivision graph S(M) of a simple graph M is the
graph obtained from M by inserting an additional vertex
into each edge of M, or equivalently, by replacing each of its
edges with a path of length 2 [1].

The wheel graph W ; of order g + 1 is the join of K and
C, in which K, is the complete graph with one vertex, and
C, is the q -vertex cycle graph. Clearly, [V (W, )| =q+1
and |E(W1,q)| = 2q. The apex vertex of the wheel is the
vertex corresponding to K, and the rim vertices of the wheel
are the vertices corresponding to C, [2]. Note that all notions
and notations not defined here can be obtained from the
book of Harary [2].

In chemical graph theory, a numerical parameter of a
given graph that is applicable in some chemical problems is
called a topological index. The Zagreb group indices are two
degree-based topological indices that were defined by
Gutman and Trinajestic [3] in 1972 and elaborated in [4].
These indices are defined as

M, (M)= Y dy(x)
xeV (M)

My,(M)= ) dy(a)dy(b)
abeE (M)

(1)

For the main properties of these two indices, we refer the
interested readers to [3-7].

In 2017, Naji et al. [8] introduced three topological
indices depending on the second degree of vertices. These
invariants are so-called leap Zagreb topological indices and
can be defined as follows:
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LM, (M) = ) d,(v),

veV (M)

LM, (M) =Y d,(wd,(v), 2)
uveE (M)

LM, (M) = Y d(u)d,(v).
veV (M)

In [9], the first leap Zagreb topological index of some
graph operations is computed, and in [10], some formulas
for the leap Zagreb indices of generalized rts point line
transformation graphs T (M), when s = 1, are obtained.
We refer to [8-14] for more details on the leap Zagreb
indices of graphs. In [15], Sharma et al. introduced the
eccentric connectivity index of the graph M as
E(M) = Yvevnd (v)e(v). For mathematical properties,
the interested readers can consult [15-17].

Recently, authors found in [18] introduced the leap
eccentric connectivity index of a graph M. It is denoted by
L& (M) and can be defined LE (M) = Y,y andy (Ve (v).
They obtained the exact values of the leap eccentric con-
nectivity index of complete, complete bipartite, cycle, path,
and wheel graphs and determined some upper and lower
bounds for L& (M) in terms of the number of vertices,
number of edges, diameter, total eccentricity, and Zagreb
indices. In [19], the explicit formulas of the leap eccentric
connectivity index for the Cartesian product, composition,
disjunctions, symmetric difference, and corona product
were computed.

In [20], exact values of L& for thorny complete graphs,
thorny complete bipartite graphs, thorny cycles, and
thorny paths were reported. The authors of this paper also
discussed some applications of the leap eccentric con-
nectivity index of chemical structures such as cyclo-al-
kanes. In [21], some new upper and lower bounds for
LE (M) in the terms of the order, size, diameter, radius,
and total eccentricity, Zagreb, and leap Zagreb indices are
found. In the mentioned paper, some lower and upper
bounds of L& (S(M)) in terms of the numbers of vertices
and edges, diameter, and the first Zagreb and third leap
Zagreb indices are also obtained. They also found the exact
values of L& (S(M)) for some well-known graphs.

The following results of [18,22] are crucial in our
arguments:

Theorem 1 (see [18]). Let n>3 be an integer. Then,

3 — 10n+ 12
- |n>
2
LE(P,) = (3)
3n = 10n + 11
— 2n.

Theorem 2 (see [18]). Let n>3 be an integer. Then,
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0, n=3,
. 8, n=4,
L (Cn) - ", n+4,2|n, )
nn—-1), n#3,2n

Lemma 1 (see [22]). Let M be an n-vertex connected graph of
size m. Then,

dz(v)s< D dl(u)>—d1(v). (5)
ueN, (v)

The equality is attained if and only if G is a {Cs,C,}-free
graph.

By Lemma 1, for a (Cj;,C,)-free graph M, we have
2yev (@2 (V) = M —2m.

2. Main Results

The aim of this paper is to present the exact values of leap
eccentric connectivity index of subdivision graph of some
standard graphs.

Theorem 3. Suppose n>3. Then,

36, ifn=3,
wwmm={ ©)

n(n—1)(4n->5), otherwise.

Proof. Let a,,a,,...,a, be the vertices of K,, and let
b,,b,,...,b,, be the new vertices added to K, to obtain
S(K,), where m is the size of K,. Then, d,(a;) =n-1,
3, ifn=3,

4, otherwise.
By definition, we have two following cases: O

d, (bj) =2n-4,e(aq;) =3, and e(bj) =

Case 1. If n = 3, then

6
LE(S(K;)) = ). (2)(3) = 6(6) = 36. )
i=1

Case 2. If n>4, then

LEGSEK) = )

weV ($(K,))
=Y d, (a)e(a) + Y. dy(b;)e(b;)
-1 i=1

(n-1)(3)+ ) (2n-4)(4)

=1
=3n(n-1)+8m(n-2).

d, (w)e(w)

(8)

M=

—

i=

Since for the complete graph K,, m=n(n-1)/2, it
follows that
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LE(S(K,)) =n(n-1)(4n-5).

Theorem 4. For r>s5>2, let K, be the complete bipartite
graph. Then,

LE(S(K,,)) = rs(3r +3s +2). 9)

Proof. Suppose r>s>2 and (V,V,) is a partition of the
vertex set, where V= {v,v,,vs,...,v,},V, = {up, uy,us,

.»ut and let W = {w,, w,, ws, ..., w,} be the set of new
vertices in  S(K,,). Then, d,(v;)=s, dz(uj) =7,
dy(w) =r+s-2,e(v;) =4, e(uj) =4, and e(w,) = 3. By
definition,

LE(S(K,,)) = ) dy(em+ Y dy(w).e(w)

v;€V, u;€V,

+ Y dy(w).e(w)

wieVy

YE@+Y (N@+ Y (r+s-2)(3)
i=1 k=1

J=1

4rs+4rs+3rs(r +s—2)

=rs(3r +3s+2).

(10)
O

Theorem 5. Let K, | be the star graph of order n> 3. Then,
LE(S(K,,y)) = 3n(n—1). (11)

Proof. Letv, € K, ,, with d(vy) = n - 1, are be the central
vertex, vj,v,,..., v, | are be the pendent vertices of K, ,,_;,
and u,u,,...,u, | are be the new vertices added to K, ,,
toobtain S(K,, ). Ifi =1,2,...,n—1,thend, (v;) =n-1,
d,(v)=1, d,(u)=n-2, e(vy) =2, e(v;)=4, and
e(u;) = 3. By definition,

n-1

LEC(S(Kl,n—l)) =d, (ve)e (vy) + HZI: d; (v)e(v) + Z dZ(“j)e(”j)

n-1

=(n-1)2)+)

i=1

Theorem 6. Let r>1 and s>1 be two integers such that
n=r+s>3. Then,

3n(n-1)<LE(S(K,,)) Sin2(3n+2). (13)

On the left hand side, equality occurs if and only if
K,, =K, ;. On the right hand side, equality occurs if and
OnlY if Kr,s = K(n/2),(n/2)'

Proof. We consider two cases as follows:

(i)r=1 or s=1. In this case, G=K,, |, and by
Theorem 5, L& (S(K,)) = 3n(n—1).

(ii) s,r>2. In this case, since r+s=mn,
2(n—-2)<rs<(n/2)(n/2). Now, by Theorem 4,
2(n-2)(3n+2)<LE(S(K, ) < (1/4)n* (3n + 2).
On the left hand side, equality holds if and only if
K, =K,, ,. On the right hand side, equality holds
if and only if K, = K, /5 ..

=1
(12)

n—-1
(@) + ) (n-2)(3) =3n(n-1).

j=1

O

On the other hand, 2(n-2)(3n+2)-3n(n-1)=n
(3n—5)—8>0. Therefore, by (i) and (ii), 3n(n-1)<
L& (S(K,,)) < 1/4n* (3n + 2). On the left hand side, equality
occursifand only if K, ; = K, ,,_,, and on the right hand side,
equality occurs if and only if K, = K, .. O

Proposition 1. Let n be an integer. Then,

LE(S(C,)) = 4n’. (14)

Proof. Since S(C,,) = C,,,, the proof follows from Theorem
2. O

Proposition 2. Let n>2 be an Then,

LE(S(P,)) = 2(3n* - 8n+6).

integer.

Proof. Since S(P,) = P,,_;, the proof follows from Theorem
1. O



Theorem 7. For n>6, L& (S(W,)) = 2n(2n + 23).

Proof. Let v, be the central vertex of W, v, v,,...,v,, be
the rim vertices W, and let S(W ) be the subdivision of
W, If w; subdivides vyv;, 1<i<n, u; subdivides v;v;,,,
1<j<n-1 and u, subdivides v,v,. One can easily verify

1E(s(w,) = 3

veV (S(W,,)

d, (v)e(v)

d, (v

™M=

= dy (vo)e(vo) +

I
—_

i

Pe(vi) + Zd( Pe() +
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LE(S(W ) = 120, if n=3, LE(S(W,,)) = 204, if n=4
and L& (S(W,,,)) = 310,ifn = 5. Letn > 6. Then, d, (vy) = n,
d,(v;) =3,d, (uj) =4,d,(w,) =n+1,e(vy) =3, e(v;) =5,
e(uj) =6, e(w,) =4, 1<1, j,k<n. By definition, we have

N

I
—

d, (wi)e (wy) (15)

1

=M 3)+) 3)G)+) (4)(6)+ ) (n+1)(4) =2n(2n+23).
i=1 i=1 i=1

Theorem 8. For natural numbersr and s, let D, ; be a double
star with v,, v,, v, ..., v, be the pendent vertices have support
at vy and uy,uy,us, ..., u, be the pendent vertices have
support at u,. Then,

LE(S(D

m)) = 5(r2+52)+13(r+s)+8. (16)

LE(S(D,,)) = ds (vo)e (v,)

O
Proof. Let x; subdivides vov;, 1<i<r, y; subdivides u,u;,
1<j<s, and w, subdivides vyu,. Then, d,(v)) =r+1 ,
dy(ug) =s+1, dy(wy) =r+s, dy(v;) =1, dz(uj) =1,
d,(x;)=r, d, (y]-) =s, e(vy) =4, e(uy) =4,
e(wy) =3e(v;) =6, e(uj) =6, e(x;) =5, and e(yj) =5. By
definition, we have

Zd (xi)e (x;) + Zd (vi)e (v;) + d (wo)e (wo)

b dy (e (up) + zdo»<»+i%w¢@»

=(r+ 1)@+ (NG +Y (1)(6) +(r+5)(3)+(s+1)(4)
i=1 i=1

+Z (s)(s>+z (1)(6)

j=1

:5(r2+52)+ 13(r +s) + 8.

Theorem 9. Let n>7 be a natural number. Then,

LE(S(Dyrsi)) > LE(S(Disyss) ) fori = 1,2, . L”;_Z -1

(18)

=
(17)
O
Proof. By Theorem 8,
LE(S(D;,5-1)) = LE(S(Diyy5-4)) = 10(n = 2i = 3).
(19)

Now, if 2|n — 2, then by (19),
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LE(S(Dyy5-1)) = LE(S(Diyypsi)) 2 10<n - 2(” ; 2_ 1) - 3> = 10. (20)

And if 24n - 2, then by (19),
LE(S(Dyar)) = LE(S(Dinyar)) 210(n-2("5 2 - 1) -3) = 20 21)

Therefore, L& (S(D;,, 5 ;) >LE(S(Dyyy,5))  for
i=1,2,...|ln-2/2] - 1. O

Corollary 1. Let v, s, and n be three natural numbers such
that r +s+2 =n>7. Then,

gnz +3n-8<LE(S(D,,))<5n" - 17n+32, 2|n-2,

% (5n+1)(n-3)<L&(S(D,,)) <51’ —17n+32, 2|n-2.
(22)

On the left hand side, equalities occur if and only if
D, = Dy, 3/ n-272)- On the right hand side, equalities occur
if and only if D, = D, ;.

Theorem 10. Let M be an n-vertex connected graph of size m

such that n>3. Then,
LE (M) <nM, (M) — 2nm — LM (M). (23)

The bound is attained for P,.

Proof. Since e(v)<n—d(v) for every v € V (M),
LEM) = Y dMems Y dy()(n-d(v)

veV (M) veV (M)
= Y ndy(v)- Y dy(V)d, () (24)
veV (M)
=n z d2 (v) - Zdl (V)dz ().
veV (M)

Using definition of LM (M) and Lemma 3, we get

LE(M)sn Y (

veV (M)

) —d(v)> - LM; (M)

uveE (M)

=n Z d(v)* - 2nm — LM, (M)
veV (M)
=nM, (M) - 2nm — LM, (M).
(25)

Corollary 2. Let M be an n-vertex connected graph of size m
such that n>3. Then,

LE(S(M)) < (n+m - 3)M, (M) + 4m. (26)

Proof. For uv € E(M), let v, be the new vertex of degree 2
on uv in S(M). By definition of S(M), d(v/S(M)) =d
(vIM), d,vIS(M))=d,(v/iM) for veV(M) and
dwv,, /S(M) =2, d,(v,/S(M))=du/M)+dWvIM)-2
for uv € E(M). Therefore, M, (S(M)) = M, (M) + 4m and
LM, (S(M)) = M, (M) +2M, (M) — 4m = 3M, (M) — 4m.
So, by Theorem 10, LE° (M) < (n+m —3)M,; (M) + 4m. O

Theorem 11. Let M be an n-vertex connected graph of size
m=>2. Then, LE (S(G)) 22 (n+m).

Proof. Let Vy={ve V(M);d(v)=n-1} and n, = |V,

Then, d, (v) = 0 for every v € V,, and for everyu € V V,, we
have e(u)>2 and d, (u) > 1. Hence,

LEM) =Y e+ Y dy(e()

veV, veVIV,
=z ) (0)(1)+ (D(2)

v;o v e;/VO (27)
=2|V/IV,|
=2(n-ny).

Now, it is easy to see that the number of vertices of S (M)
is n + m, and the number of vertices of degree n — 1 in S(M)
is zero. Therefore, by (27), we have L& (S(M))=2
(n(S(M)) =1y (S(M)) =2(n+m). o

Theorem 12. Let M be an n-vertex graph of size m. Then,
LE (M) < diam (M) (M, (M) + 2m). (28)

The equality occurs if and only if M is a self-centered and
{Cs, C,}-free graph.

Proof. By definition, for all v € V (M), e(v) < diam (M), the
equality holds if and only if M is a self-centered. Also, by



Lemma 3, Y .y and, (V) <M, (M) - 2m, and the equality
occurs if and only if M is a {C;, C,}-free graph. Therefore,

LEM)= Y dy(ve(v)

veV (M)

< Y d,(v)diam (M) (29)

veV (M)
<diam (M) (M, (M) — 2m).

The equalities hold if and only if M is a self-centered and
{C,,C,}-free graph. O

Corollary 3. Let M be an n-vertex graph of size m. Then,
LE (S(M)) <diam (S(M))M, (M). (30)

LE(S(M))

[\

veV (M)
=6m+4M, (M) - 8m

= 4M, (M) - 2m.

The equality occurs if and only if M = K,,. O
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